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ABSTRACT

I examine circumbinary terrestrial planet formation in a gas free environment around
various binary systems and terrestrial planet formation in a gaseous environment around
M-dwarfs. While terrestrial cirumbinary planets have yet to be observed, this is likely due
to observational bias. Motivated by recent observations of highly misaligned circumbinary
gas disks, I perform a suite of n-body studies to understand the properties of terrestrial
planets around various binary systems. In a polar alignment, a circumbinary disk is inclined by 90 relative to the binary orbital plane. I find that terrestrial planet formation in a
polar configuration may be as efficient as in a coplanar alignment and that terrestrial planets
can form only coplanar or polar to the binary, even if the initial particle disk is misaligned.
These findings have implications for how to tailor future observation campaigns focused
on detecting terrestrial planets. If highly misaligned terrestrial circumbinary planets are
observed in the future, formation mechanisms other than core accretion in a gas-free environment will need to be considered. I also consider terrestrial planet formation in a gas
disk around a low mass star. In this scenario, planetary building blocks grow in size from
pebble accretion and migrate inwards through type-I migration. I present a model for fragmentation, bulk composition tracking, pebble accretion, type-I migration, and eccentricity
and inclination dampening to be used in n-body studies of planet formation, and use this
model to study the formation of the TRAPPIST-1 planets.
iii

ACKNOWLEDGEMENTS

I would like to thank my advisor – Dr. Jason H. Steffen for his continued support and
guidance during the course of my PhD degree. My gratitude also extends to Dr. Rebecca
Martin, Dr. Chao-Chin Yang, and Dr. Elisa Quintana for further collaborating with my
research. I also want to thank my PhD committee members, Dr. Zhaohuan Zhu, and
Dr. Ayra Udry. I thank Dr. Hanno Rein for providing the REBOUND code for n-body
simulations, and for his guidance and expertise on the code. I want to thank the Nevada
Space Grant Fellowship and the UNLV Graduate Assistantship program for support during
my PhD. Computer support was provided by UNLV’s National Supercomputing Center on
the Cherry-Creek cluster.

iv

TABLE OF CONTENTS

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

iii

ACKNOWLEDGEMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

iv

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiv
CHAPTER 1

INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

CHAPTER 2

CIRCUMBINARY TERRESTRIAL PLANET FORMATION AROUND

A COPLANAR BINARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1

11

Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
Initial particle disk setup and methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
Hydrodynamic circumbinary gas disk simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
N-body simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
Critical stability limit for a particle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
Giant planet orbital evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
Planet formation process . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

v

Circumbinary planetary systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
Effect of a binary on planet formation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
Effect of the binary eccentricity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
Effect of giant planets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
Expansion factor convergence tests . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
Higher expansion factor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
Single star model with lower expansion factor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
Effect of particles that begin in unstable regions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
CHAPTER 3

CIRCUMBINARY TERRESTRIAL PLANET FORMATION IN THE PO-

LAR ALIGNMENT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
Hydrodynamic circumbinary gas disk simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
N-body simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
CHAPTER 4

MISALIGNMENT OF TERRESTRIAL CIRCUMBINARY PLANETS AS

AN INDICATOR OF THEIR FORMATION MECHANISM . . . . . . . . . . . . . . . . . .

63

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

vi

Initial particle disk . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
Analysis of the particle orbits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
Nodal precession . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
Expansion factor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
CHAPTER 5

COLLISIONAL FRAGMENTATION AND COMPOSITION TRACKING

82
Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
Collisional fragmentation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
Fragmentation model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
Comparison setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
Comparison results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
Expansion factor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
Effects on system architecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
Effects on collision history . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
Effects on formation timescales . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
Correction terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
Composition tracking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
Composition tracking model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
Volatile delivery . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

vii

Expansion factor effects on water delivery . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
Fragmentation effects on water delivery . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
CHAPTER 6

TERRESTRIAL PLANET FORMATION AROUND M-DWARFS . . . . . 120

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
Disk evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
Pebble accretion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
Type-I migration and gas drag. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
Composition evolution. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
N-body setup. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
Mass distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
Collision history and formation timescales . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
Period distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
Compositions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
Other runs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152
Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158
CHAPTER 7

CONCLUSION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

BIBLIOGRAPHY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164
viii

CURRICULUM VITAE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

ix

LIST OF TABLES

2.1

Surface density profile fits from the SPH models. All binary orbits are
coplanar to the disk. We list which SPH model is used to determine the
initial surface density for each binary model, the separation and eccentricity
of the binary model, and the outer radius of the fit. . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2

Average values and standard deviations for the terrestrial planet multiplicity and planet mass (Mp ), semi-major axis (ap ), eccentricity (e) and inclination (i) after 7 Myr of integration time for all models. These statistics
only consider bodies with a mass larger or equal to 0.1 M . We also list
the binary separation and eccentricity, and the SPH fit for the initial surface density profiles of each model for reference. Models that include the
subscript JS include Jupiter and Saturn, and the model that includes the
subscript X begins with a truncated disk that only includes bodies at or
exterior to the critical stability limit for an eccentric binary, ac = 3.6 ab . . . . . 33

x

2.3

We consider the SH and CH models with different numerical integrators
and expansion factors f . We list the model, integrator, expansion factor, time and the resulting terrestrial planet multiplicity, planet mass (Mp ),
semi-major axis (ap ), eccentricity (e) and inclination (i). In the CH systems, we evaluate all runs at 7Myr. In the SH models, we evaluate the
systems with f = 25 at 1 Myr of simulation time, and the runs with f = 10
at 10 Myr since these are similar effective times. These statistics only consider bodies with a mass

0.1 M and the data from 10 runs for each

setup. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.1

Average values and standard deviations for the terrestrial planet multiplicity and planet mass (Mp ), semi-major axis (ap ), eccentricity (e) and inclination (i) after 7 Myr of integration time for all models except the EPGR
model which shows the final systems of the EP model after being integrated
an additional Myr with the effects of GR. These statistics only consider
bodies with a mass larger or equal to 0.1 M . We also list the binary separation and inclination, and the average total disk material, Md , that remains
at the end of the simulation for each model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

xi

4.1

Each row describes the model name, binary eccentricity (eb ), initial inclination (ib0 ), and initial particle surface density fit (⌃) (from Figure 2
in Childs & Martin 2021a). Columns 5-14 show the average values and
standard deviations for the terrestrial planet multiplicity (#), planet mass
(Mp ), semi-major axis (ap ), eccentricity (e) and misalignment (ib for C30
and C60 and ie for P60) after 7 Myr of integration time. The two sets of
statistics consider bodies with a mass Mp
Mp

0.1 M and bodies with mass

1.0 M . The last column shows the total mass ejected (Me ) normal-

ized by the initial disk mass (Md ).. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
5.1

Collision outcomes as a function of impact parameter, b, impact velocity,
vi , and the post-collision remnant masses. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

5.2

Expansion factors (f ), simulation time and the average values and standard
deviations for the final terrestrial planet multiplicity, planet mass (Mp ),
semi-major axis (ap ), eccentricity (e) and inclination (i) across all ten runs.
These statistics only consider bodies with a mass larger or equal to 0.1 M
and the data from 10 runs for each setup. We also include the average
remaining disk mass Md of the runs for each f . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

5.3

We list the simulation time, total number of collisions, the percent of collision outcomes (mergers, elastic bounces, hit-and-runs and erosion events),
and the total number of ejections, star collisions and fragments across all
ten runs for each expansion factor f . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

xii

5.4

We list the expansion factor f and the average and standard deviations of
the WMF of all the planets across all runs for a given f . We also list the
average and standard deviations of the planet WMFs in a specified radial
range. These statistics only consider bodies with a mass larger or equal to
0.2 M and are not mass averaged. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

5.5

Collision model used, simulation time and the average values and standard
deviations for the final terrestrial planet multiplicity, planet mass (Mp ),
semi-major axis (ap ), eccentricity (e), and inclination (i). We also list the
WMF for all the planets in the WMF column, and the WMF of planets
found in a specified radial range. These statistics only consider bodies with
a mass larger or equal to 0.2 M and are not mass averaged. . . . . . . . . . . . . . . . . 113

6.1

The constant disk parameters for our models. We choose parameters that
are either expected for the T1 model or, that are self-consistent with our
model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

6.2

The initial mass of the planetesimal disk (Md ), the mass (Mp ), semi-major
axis (ap ), eccentricity (e), inclination (i) and the water (WMF), iron (Fe),
magnesium (Mg), silicon (Si), and oxygen (O) mass fractions for each
planet, and the fraction of the final planet mass that came from pebble
accretion (Peb), fragments (Frag), and planetesimals (Pl). . . . . . . . . . . . . . . . . . . 139

xiii

LIST OF FIGURES

2.1

Surface density profiles of the SPH simulations for a circular (GasdiskC)
and eccentric binary (GasdiskE), and their analytic fits for the binary models listed in Table 2.1. The data from the SPH results are shown by solid
lines and the double Gaussian fits to the SPH data are shown by dashed
lines. We consider the surface density profiles in the ranges [1.5,8.0] ab
and [1.5,4.0] ab for binaries separated by 0.5 au and 1 au respectively. The
critical stability radius for circular binaries is marked by the blue line and
for binaries with e = 0.8 it is marked in red. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.2

Eccentricity and inclination evolution of the binary, Jupiter and Saturn orbits. The data shown is from one randomly chosen run for each model.
We find similar behavior of the larger bodies in all runs for a given model.
Giant planets remain on stable orbits in all of the simulations although the
amplitudes of their oscillations increase slightly with binary separation and
eccentricity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

xiv

2.3

Cumulative number of ejections, star collision and particle mergers for all
systems that begin with 4.85 M of embryos and planetesimals. The top
panel depicts the cumulative fraction of the total disk mass that collides
with one of the stars, the middle panel depicts the cumulative fraction of
the total disk mass that is ejected from the system and the bottom panel
shows the total number of bodies that merged with a body versus time. The
lines terminate at the time of the last recorded event. . . . . . . . . . . . . . . . . . . . . . . . 32

2.4

Eccentricity (left panels) and inclination (right panels) vs. the particle
semi-major axis, ap /ab , for all the bodies that survived 7 Myr of integration
time. The size and color of the points correspond to the body’s mass. . . . . . . . 35

2.5

Total number of mergers versus the effective time, t0 . The top panel shows
the total number of mergers versus simulation time t with no scaling. The
middle and lower panels show this same data but multiply the simulation
time t by f 2 and f 2.5 . We find f 2.5 is a more accurate scaling for predicting the effective time of planet formation than f 2 when perfect merging is
assumed.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.1

Particle orbits in model EP. The binary orbit has a semi-major axis of 0.5 au
and an eccentricity of 0.8. The binary stars are marked by black stars and
the binary orbit is shown with a solid black line. The particles and their
orbits are marked in purple. The size of the markers and the width of the
lines are proportional to the particle’s mass. Left: Time t = 10 Kyr. Right:
Time t = 7 Myr. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
xv

3.2

Surface density scaled to the total disk mass of the SPH simulations for
a circular coplanar circular (CC), eccentric coplanar eccentric (EC) and
eccentric polar (EP) binary. The SPH data is shown with a solid line and
the analytic fits are shown with a dashed line. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.3

Eccentricity (left panels) and inclination (right panels) vs. the particle
semi-major axis, ap /ab , for all the bodies that survived 7 Myr of integration time except the EPGR model which shows the final bodies of the EP
model after being integrated for an additional Myr with the effects of GR.
The size and color of the points correspond to the body’s mass. . . . . . . . . . . . . . 58

3.4

e (top) and
bodies with Mp

i (bottom) versus the particle semi-major axis, ap /ab , for
0.1 M at at t = 8 Myr for the EPGR runs and t = 7 Myr

for all other runs. The size of the point is proportional to the body’s mass. . . . 61
4.1

Particle misalignments (left) and nodal phase angles (right) as a function
of semi-major axis at a time of 100 Kyr of integration time with no expansion factor in the systems without Jupiter and Saturn. The size and color
of the points are correlated to the body mass. There is not much change
to the body masses (which begin at either ⇡ 0.1 M or ⇡ 0.01 M ) or
inclinations at this time. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.2

Particle and binary orbits of C30 (upper panels, circular orbit binary with
ib0 = 30 ) and P60 (lower panels, eccentric orbit binary with ib0 = 60 ) at
three different times: t = 0, 100 Kyr, and 7 Myr. The binary is shown with
black stars and its orbit is shown edge on. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
xvi

4.3

Misalignment (left panels, ib for C30 and C60 and ie for P60) and eccentricity (right panels) versus semi-major axis for all the remaining bodies at
time t = 7 Myr. The size and color of the points are correlated to the body
mass. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.1

2-D illustrations of the various collision outcomes allowed in our fragmentation code. For each collision outcome listed, the image on the left
depicts the pre-collision geometry and the image on the right depicts the
post-collision geometry. The velocity vector and mass for each body is
also shown. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

5.2

Cumulative distribution functions (CDF) for the impact parameters (top
panel) and impact velocities (middle panel) for all the collisions in each
n-body code after 5 Myr of integration time. We perform a two-sample
KS-test and report the p-values. The large p-values indicate that the data
are consistent with being drawn from the same distributions and the two
n-body codes are producing similar collisions. REBOUND returns one
outlier, a collision between two planetesimals with vi/vesc > 25. In the
bottom panel we show the CDF of the impact angles (✓) in REBOUND
and the expected CDF fit, Fit F, from Shoemaker (1961). . . . . . . . . . . . . . . . . . . . 95

5.3

Collision outcomes as a function of impact parameter and impact velocity
in both REBOUND and Mercury. Collisions that occur in the same parameter space are resolved in the same manner by both codes. . . . . . . . . . . . . . . . . . . 97

xvii

5.4

Total number of fragments across all 40 runs for both REBOUND and Mercury, as a function of simulation time. The differences in cumulative number of fragments at 5 Myr can be attributed to the fact that we permit partial
accretion. In general, we observe good agreement in fragment growth between the two codes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

5.5

CDF’s of b/bcrit (left panel) and log(vi /vesc ) (right panel) of all collisions
in systems with different expansion factors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

5.6

We plot the total number of mergers vs time for each f to understand how
the simulation time t corresponds to the effective time of planet formation
t0 when fragmentation is modeled. We find that t0 = f t1.5 is the best fit
for approximating how the simulation time scales with the effective time of
planet formation for a given f . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

5.7

Eccentricity vs. semi-major axis for all the bodies in our simulation at
t = 0 and for the remaining bodies in all simulations after 100 Myr. The
size of the marker is proportional to the mass of the body and the colour
of the marker represents the water mass fraction (WMF) as listed on the
colour bars. The top panel shows the initial distribution of the bodies and
they’re starting water content. The middle panel shows the final planetary
systems from all ten runs after integrating for 100 Myr with fragmentation,
and the final planetary systems from all ten runs with only perfect merging
in the bottom panel. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

xviii

6.1

The temporal evolution of the gas surface density profile (⌃) as set by our
disk model and parameters. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

6.2

We show the semi-major axis (ap ), migration timescale (⌧a ), and mass (m)
evolution of an initially 100 km-sized planetesimal that begins just exterior
to the ice line over 100 Kyr of simulation time. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

6.3

We plot the mass (mp )and radius (r) for all of the bodies that remain in one
run of each model at time t = 3 Myr. Our simulation data is shown in blue
and the T1 planets are shown by orange points. We also plot the location
of the ice line by a blue vertical line and the PIM by a black horizontal line
for reference. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

6.4

Cumulative fragment mass versus simulation time for each of our nine runs. 145

6.5

We plot the MMR of our data in blue and the T1 planets in orange. Three
of the T1 planets are found near the 3:2 MMR. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

6.6

We show six GLR angles with data from Run29. The first three triplets in
the system, b/c/d and c/d/e, are found in a stable GLR since can be seen to
librate about 180 . The data in red is for an angle not currently resonanting
in the T1 system. The other five angles are the main GLR angles in the T1
system. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

6.7

We plot the surface density of Fe, Mg, Si, and O over 0.01

0.2 au. This

data is the last output of the dust condensation code at time t ⇠ 130 Kyr. . . . 150

xix

6.8

Normalised histograms of the total final disk mass (Mtot ), number of fragments, number of planets, planet masss, and planet semi-major axes found
in all 100 runs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

6.9

We show the pebble isolation mass (PIM) vs semi-major axis for various
luminosity values using our temperature profile. We also plot the PIM
associated with the temperature profile used in Schoonenberg et al. (2019)
by a black dashed line for reference. We plot the T1 planets in orange for
reference. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

xx

CHAPTER 1

INTRODUCTION
The current standard model for terrestrial planet formation is the core accretion theory
(Artymowicz 1987; Lissauer 1993; Pollack et al. 1996). This describes a process in which
particles that are initially within a gas disk begin as dust grains and collide with one another
to form larger bodies until stable planetary systems are formed. Planet formation models
of the solar system largely assume that the vast majority of core accretion takes place in
a gas-free environment, after the gas disk has dissipated (Chambers & Wetherill 1998).
However, terrestrial planet formation around low-mass stars, such as M-dwarfs, is thought
to take place in the presence of gas (Ormel et al. 2017). In this scenario, gas effects are
important in every step of the planet formation process. As a result, the gas effects must
be incorporated into numerical models that simulate planet formation around low-mass
stars. In this dissertation, I study in situ circumbinary planet (CBP) formation in a gasfree environment around various binary systems and also terrestrial planet formation in a
gaseous environment around a low-mass star.
Like circumstellar planets, CBPs are thought to form through core accretion although
the specifics may differ in the early stages of planetesimal formation between circumstellar
and circumbinary disks (Bromley & Kenyon 2015; Chachan et al. 2019). CBPs form from
a circumbinary gas disk that forms as a result of the star formation process (e.g. Monin
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et al. 2007; Kraus et al. 2012; Harris et al. 2012). The dynamics of circumbinary disks are
strongly influenced by the torque provided by the central binary (e.g. Artymowicz & Lubow
1994; 1996; Smallwood et al. 2020). The size of the cavity created by the binary star and
the surface density distribution of the disk depends upon the binary separation, eccentricity
and inclination (e.g. Artymowicz & Lubow 1994; Miranda & Lai 2015; Lubow & Martin
2018a).
Unlike circumstellar disks, circumbinary disks experience strong tidal forces that may
inhibit in situ formation of larger planetary building blocks in the inner disk by increasing
the relative planetesimal collision velocities (e.g. Moriwaki & Nakagawa 2004; Scholl et al.
2007; Meschiari 2012; Paardekooper et al. 2012; Silsbee & Rafikov 2015; Marzari et al.
2013) and reducing the pebble accretion efficiency (e.g. Pierens et al. 2020; Penzlin et al.
2020). This has led to the suggestion that CBPs may form in more distant regions where
the time-varying potential of the binary is weaker, and then migrate inwards via disk interactions to their observed orbits (Pierens & Nelson 2008; Bromley & Kenyon 2015; Penzlin
et al. 2020). However, the issues with in situ planetesimal formation may be overcome if
the protoplanetary disk is sufficiently massive (e.g. Marzari & Scholl 2000; Martin et al.
2013; Meschiari 2014; Rafikov & Silsbee 2015). Circumbinary gas disks have a longer disk
lifetime and may be more massive than circumstellar disks since the binary torque can reduce the accretion rate on to the stars (e.g. Alexander 2012) and this may aid in overcoming
the planetesimal formation problems. Furthermore, Paardekooper & Leinhardt (2010) have
shown that when fragmentation is accounted for, second generation planetesimals can grow
from the fragments of previously collided planetesimals in circumstellar disks of close-in
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binaries. I expect an analogous scenario to take place in circumbinary disks.
The late stages of terrestrial planet formation take place after the gas disk has dispersed
and are characterised by the gravitational interaction of Moon-sized planetesimals and
Mars-sized embryos that form planets (Weidenschilling 1977a; Rafikov 2003; Chambers
2001a). The dynamics that a planetary embryo experiences during this stage determines
the planet’s final mass and orbital properties. The late stages of in situ terrestrial planet formation for CBPs in coplanar disks have previously been numerically studied (e.g. Quintana
& Lissauer 2006a; Quintana & Lissauer 2007; Quintana 2008; Quintana & Lissauer 2010;
Gong et al. 2013; Lines et al. 2014; Barbosa et al. 2020). While widely separated, eccentric
binaries can inhibit CBP formation, planetary systems can form for a range of binary mass
fractions and orbits. I consider a range of binary separations and a range of inclinations of
the particle disk relative to the binary orbital plane and simulate terrestrial planet formation
in these various environments with the n-body integrator REBOUND (Rein & Liu 2012).
Circumbinary disks may be misaligned through turbulence in the molecular cloud that
leads to chaotic accretion (Bate et al. 2010) or the effect of a companion star in the form of
a binary or a stellar flyby (Nealon et al. 2020). There are two stable stationary inclinations
for a circumbinary gas disk around an eccentric binary: coplanar to the binary orbit and
polar aligned to the binary orbit. A low-mass circumbinary gas disk that is in a polar
alignment is inclined by 90 with respect to the orbital plane of the binary with the angular
momentum vector of the disk aligned to the binary eccentricity vector (see Fig. 3.1 for an
example). A disk that is misaligned evolves towards one of these states depending upon its
initial inclination (Aly et al. 2015; Martin & Lubow 2017; Martin & Lubow 2018; Zanazzi
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& Lai 2018).
Circumbinary gas disks around young stars are commonly observed to be misaligned
to the binary orbital plane. The degree of misalignment often increases with binary separation and eccentricity (Czekala et al. 2019). Misalignments in the range 25

60 have

been observed around GG Tau A (Köhler 2011; Andrews et al. 2014), KH 15D (Chiang
& Murray-Clay 2004; Winn et al. 2004; Fang et al. 2019), IRS 43 (Brinch et al. 2016),
and L1551 NE (Takakuwa et al. 2017) while the gas disk around HD 98800 B and debris
disk around 99 Herculis are misaligned by almost 90 (Kennedy et al. 2012a; 2019; Smallwood et al. 2020). Motivated by observations of polar and misaligned circumbinary disks,
I simulate CBP formation in disks that are either initially coplanar to the disk or, the disk is
inclined anywhere from 30

90 relative to the binary orbital plane and present the results

in this dissertation.
In order to reduce computation time, some n-body studies employ an expansion factor f
that expands the initial particle radii by some value (Leinhardt & Richardson 2005; Bonsor
et al. 2015; Carter et al. 2015). The use of an expansion factor was shown by Kokubo & Ida
(1996a; 2002) to not have a significant effect on the evolution of planets other than reducing
the timescale of planet formation provided that the velocity dispersion of the bodies is not
dominated by gravitational scattering. I study how the magnitude of the expansion factor
affects the final planetary system architecture first, when only resolving collisions as perfect
mergers and then later, when collisions allow for fragmentation.
Although many of the giant impacts during the late stages of planet formation will result in fragments, most n-body studies assume perfectly inelastic collisions, neglecting the
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effects of fragmentation (Chambers & Wetherill 1998; Agnor et al. 1999; Chambers 2001a;
Raymond et al. 2004; 2009; O’Brien et al. 2006; Morishima et al. 2010). Simple collision
models are often used because they require less computation time than a model that includes fragmentation. N -body run times depend on the number of particles being tracked.
A simple collision model that only allows inelastic collisions ensures that the number of
bodies decreases with time. However, a collision model that accounts for fragmentation
can increase the number of bodies, and thus increase the run time and computation cost
of the simulation. Although accurately modeling collisions and allowing for fragments to
interact with the rest of the system increases the run time, it allows for a more complex,
realistic simulation that may be necessary to constrain the final physical properties of a
planet.
To improve upon a simple collision model, various smooth particle hydrodynamic
(SPH) studies have been conducted to understand the collision outcomes between highvelocity planetary bodies (Leinhardt & Stewart 2011a;b; Gabriel et al. 2020). These studies
provide semi-analytic models that may be incorporated into n-body codes to more accurately model collision outcomes. The semi-analytic collision models of Leinhardt & Stewart (2011a) have been incorporated into Mercury (Chambers 2013). Using this version of
Mercury with fragmentation, Quintana et al. (2016) show that fragmentation does not significantly affect the multiplicity, masses and orbital elements in the final planetary system.
However, they found that fragmentation will increase the timescale for planet formation and
change a planet’s collision history. Kokubo & Genda (2010) reached similar conclusions
in a study modeling fragmentation. Because previous work concluded that fragmentation
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does not significantly affect the final architecture of the planetary system, the importance
of fragmentation in n-body studies has often been dismissed. However, Emsenhuber et al.
(2020) recently overturned these conclusions by showing fragmentation can profoundly alter the final planetary system by producing a greater diversity of planet sizes (although their
model did not account for the re-accretion of debris).
I introduce a new fragmentation module for REBOUND. I implement a realistic collision model into this module based on Leinhardt & Stewart (2011a). I compare our fragmentation code in REBOUND to the fragmentation code in Mercury. I also present a
post-processing code REBOUND which tracks how the composition of bodies with homogeneous compositions changes as they collide with one another to form planets. As
planetesimals and embryos of differing composition collide to build planets there will be
an exchange of mass that determines the final composition of the planet (Moriarty et al.
2014).
I show an example of our codes where I examine how volatile delivery to the inner solar
system is affected when fragmentation is accounted for. Earth is considered a “dry” planet
but it is the wettest of the terrestrial planets with ⇠ 0.05

0.1% of its mass being water

(Lécuyer et al. 1998; Marty 2012). It is theorized that Earth’s water was delivered at a
later stage of planet formation by wet carbonaceous chondrites from the outer asteroid belt
(2.5

4 au) (Morbidelli et al. 2000). Previous n-body studies, using only perfect accretion,

examine how water is delivered to and accreted by the terrestrial planets of the solar system
(Raymond et al. 2004; 2006). Using the initial water distribution in Raymond et al. (2006),
we use our two new codes to study how water delivery to the terrestrial planets is affected
6

when fragmentation is considered.
The TRAPPIST-1 (T1) system is a late M-dwarf star that hosts seven tightly packed,
Earth-sized planets (Gillon et al. 2016; Gillon et al. 2017). Recent observations have shown
that the two inner-most planets have high masses while the outer planets increase with orbital distance (Agol et al. 2021). All of the T1 planets are in a complex resonant chain
where the outer four planets are in first-order mean-motion resonances between each adjacent planets and the inner three planets are in higher-order resonances (8:5 and 5:3). Threebody Laplace resonances are also found throughout the system (Luger et al. 2017). Measurements from transit-timing variations and dynamical modeling has placed constraints on
the bulk density of the planets (Grimm et al. 2018; Dorn et al. 2018; Unterborn et al. 2018).
These studies show that the planets have similar densities, with large water mass fractions
(a few to tens of mass percent) suggesting that all of the planets formed in a similar manner near the ice line. The uniqueness of the mass and orbital distribution of this planetary
system has implications for its formation history and as a result, it has been heavily studied.
Ormel et al. (2017) proposed that the formation of the T1 system first takes place at the
ice line where planetesimals form by the streaming instability. The streaming instability
refers to the process in which solid particles condense into dense filaments and undergo
gravitational collapse into a large singular body. Planetesimals up to ⇠ 100 km may form
in this way (Simon et al. 2016; Schäfer et al. 2017). After the initial planetesimals form,
they continue to grow at the ice line by pebble accretion and planetesimal accretion until
the body reaches the pebble isolation mass. The planets undergo inward type-I migration
and accrete rocky pebbles once they’ve crossed the ice line. In this manner, the planets
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form sequentially at the ice line. The inner most planets stall at the inner edge of the gas
disc, which is set by the star’s magnetosphere.
Huang & Ormel (2021) tested the plausibility of the T1 planets forming sequentially at
the ice line by numerically modeling the inward migration of the fully formed T1 planets
from the ice line. Using the n-body code REBOUND, and REBOUNDx to model the
additional forces of an evolving gas disc, Huang & Ormel (2021) were able to demonstrate
that if the T1 planets are sequentially produced the planets naturally converge into a chain
of first order resonances. Modeling a migration barrier in the inner gas-free cavity where
planets that enter the cavity are pushed further inwards from an outer Lindblad torque from
the gas disc, tidal forces, and orbital dampening from gas drag, they were able to reproduce
the observed two-body and three-body resonances of the system. However, this mechanism
does not explain the composition of the planets. Beginning fully formed planets at the ice
line implies a water content much larger than what is observed.
While n-body studies have been able to reproduce the broader features of the T1 system
assuming the Ormel et al. (2017) model, it has proven difficult to reproduce both the mass
distributions and orbital architecture of the system with this model when starting from
an early stage in planet formation. Schoonenberg et al. (2019) numerically modeled the
formation of the T1 system starting with the formation of planetesimals via the streaming
instability. They then used n-body simulations to track the growth of planetesimals into
planets, via pebble accretion and planetesimal accretion using a modified version of the nbody code Mercury which included pebble accretion and the gas effects of type-I migration
and aerodynamic drag. Once the planets migrated to shorter orbits, they modeled the final
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stage semi-analytically in order to reduce computation time. This approach was able to
reproduce the general mass distribution of the T1 planets, but not the orbital architecture.
On the other hand, Ogihara et al. (2022) was able to reproduce the complex orbital
architecture of the T1 system by numerically modeling the growth of embryos in a gas
disk that loses mass from photoevaporation and disk winds. The more complex temporal
evolution of this gas disk leads to fast and then later, when the surface density profile
flattens out, slow migration of the embryos which results in systems with resonant chains
similar to the T1 system. However, the starting mass distribution for this study is not well
justified. The system begins with embryos that have already reached the pebble isolation
mass, distributed between 0.015 0.2 au, after the disc has evolved for 1 Kyr. It is not clear
how this starting mass distribution is achieved or, if it is able to reproduce the composition
of the T1 planets.
I attempt to bridge the gap between planetesimal formation and final planetary mass and
orbital architecture of the the T1 system with n-body simulations while faithfully reproducing the observed compositions of the planets. I place tight constraints on the composition
of the bodies by modeling the composition evolution of the planets beginning with dust
formation. The dust condensation code by Li et al. (2020) tracks how dust condenses out
of an evolving protoplanetary disc as it cools in time. The starting composition of the disc
is extrapolated from the composition of the host star.
In my n-body simulations of the T1 system, I experiment with various planetesimal
masses and initial disc masses. I then track the growth of these planetesimals through
pebble and planetesimal accretion in an evolving gas disk. I implement the effects of an
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evolving gas disk by developing a new module for REBOUNDx which tracks pebble accretion growth, type-I migration, and eccentricity and inclination dampening from gas drag.
The results from my research holds implications for how to tailor future observation
campaigns focused on detecting terrestrial CBPs. If highly misaligned terrestrial circumbinary planets are observed in the future, formation mechanisms other than core accretion in
a gas-free environment will need to be considered. My research also leads to predictions
on the atmosphere characteristics of the T1 planets-observations which are a priority for
The James Webb Space Telescope. I make all the newly developed code open-source to be
used for future scientific studies.
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CHAPTER 2

CIRCUMBINARY TERRESTRIAL PLANET FORMATION AROUND A COPLANAR
BINARY
Background
The Kepler space telescope has thus far observed 13 circumbinary planets (CBPs)
(Doyle et al. 2011; Welsh et al. 2012; Orosz et al. 2012; Schwamb et al. 2013; Kostov
et al. 2013; 2014; Welsh et al. 2015; Kostov et al. 2016; Orosz et al. 2019; Socia et al.
2020), and the TESS space telescope has observed one CBP (Kostov et al. 2020). Most
of these CBPs are gas giants and all are larger than the terrestrial planets in our solar system. Most of the orbital periods are around five to six times that of their host binary star
orbital period and their orbits are coplanar to the binary orbit. However, the properties of
these observed planets are likely a consequence of observational bias and not representative
of the underlying CBP population (Czekala et al. 2019; Martin 2019). Transiting planets
around binaries are difficult to detect because the transit timing variations are larger than
the duration of the transit (Martin & Fabrycky 2021a). Numerous exoplanet surveys have
shown that planetary systems around single stars are diverse, but the extent of this diversity
for planets around binaries, and their formation pathways remain open questions.
Circumbinary planets are thought to form from a circumbinary gas disk that forms as a
result of the star formation process (e.g. Monin et al. 2007; Kraus et al. 2012; Harris et al.
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2012). The dynamics of circumbinary disks are strongly influenced by the torque provided
by the central binary (e.g. Artymowicz & Lubow 1994; 1996; Smallwood et al. 2020).
The size of the cavity created by the binary star and the surface density distribution of the
disk depends upon the binary separation, eccentricity and inclination (e.g. Artymowicz &
Lubow 1994; Miranda & Lai 2015; Lubow & Martin 2018a).
The current standard model for planet formation is the core accretion theory (Artymowicz 1987; Lissauer 1993; Pollack et al. 1996). This describes a process in which particles
that are initially within a gas disk begin as dust grains and collide with one another to form
larger bodies until stable planetary systems are formed. Like circumstellar planets, CBPs
are thought to form through core accretion although the specifics may differ in the early
stages of planetesimal formation between circumstellar and circumbinary disks (Bromley
& Kenyon 2015; Chachan et al. 2019).
Unlike circumstellar disks, circumbinary disks experience strong tidal forces that may
inhibit in situ formation of larger planetary building blocks in the inner disk by increasing
the relative planetesimal collision velocities (e.g. Moriwaki & Nakagawa 2004; Scholl et al.
2007; Meschiari 2012; Paardekooper et al. 2012; Silsbee & Rafikov 2015; Marzari et al.
2013) and reducing the pebble accretion efficiency (e.g. Pierens et al. 2020; Penzlin et al.
2020). This has led to the suggestion that CBPs may form in more distant regions where
the time-varying potential of the binary is weaker, and then migrate inwards via disk interactions to their observed orbits (Pierens & Nelson 2008; Bromley & Kenyon 2015; Penzlin
et al. 2020). However, the issues with in situ planetesimal formation may be overcome if
the protoplanetary disk is sufficiently massive (e.g. Marzari & Scholl 2000; Martin et al.
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2013; Meschiari 2014; Rafikov & Silsbee 2015). Circumbinary gas disks have a longer disk
lifetime and may be more massive than circumstellar disks since the binary torque can reduce the accretion rate on to the stars (e.g. Alexander 2012) and this may aid in overcoming
the planetesimal formation problems. Furthermore, Paardekooper & Leinhardt (2010) have
shown that when fragmentation is accounted for, second generation planetesimals can grow
from the fragments of previously collided planetesimals in circumstellar disks of close-in
binaries. We expect an analogous scenario to take place in circumbinary disks.
The late stages of terrestrial planet formation take place after the gas disk has dispersed
and are characterised by the gravitational interaction of Moon-sized planetesimals and
Mars-sized embryos that form planets (Weidenschilling 1977a; Rafikov 2003; Chambers
2001a). The dynamics that a planetary embryo experiences during this stage determines
the planet’s final mass and orbital properties. The late stages of in situ terrestrial planet formation for CBPs in coplanar disks have previously been numerically studied (e.g. Quintana
& Lissauer 2006a; Quintana & Lissauer 2007; Quintana 2008; Quintana & Lissauer 2010;
Gong et al. 2013; Lines et al. 2014; Barbosa et al. 2020). While widely separated, eccentric
binaries can inhibit CBP formation, planetary systems can form for a range of binary mass
fractions and orbits.
In this paper, we follow the work of Quintana & Lissauer (2006a) and model the late
stages of CBP formation for binary systems with different separations and eccentricities
using n-body simulations of the late stages of planet formation. Our study differs in two
major ways. First, we use more realistic initial surface density profiles for the particles
that are motivated by hydrodynamical gas disk simulation results. Secondly, we simulate
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systems with and without giant planets and consider the effects of external giant perturbers
on CBP formation. Childs et al. (2019a) found that exterior giant planets promote terrestrial planet formation in the inner regions of a circumstellar disk. Quintana & Lissauer
(2006a) and Quintana & Lissauer (2007) include giant planets in all their simulations of
CBP formation. We want to understand if the gravitational perturbations from giant planets
that promote embryo and planetesimal interactions around single stars can be reproduced
by the perturbations from the time-varying potential of the binary.
In Section we discuss our hydrodynamic simulations and their connection to the setup
for our n-body simulations. In Section we present our results, and in Section we summarise our findings that allow us to make predictions about coplanar planet properties for
the so far largely unobserved, terrestrial CBPs.

Initial particle disk setup and methods
N -body simulations of terrestrial planet formation around a single star typically use an
initial surface density profile for the particles that is a power law with radius (e.g. Hayashi
1981; Ida & Lin 2004; Miguel & Brunini 2008; Miguel & Brunini 2008; Mordasini et al.
2009; Haghighipour & Winter 2016). This surface density profile is motivated by the observed mass distribution in the solar system (Weidenschilling 1977a) and since the single
star does not exert a torque on the disk, this is a reasonable approximation to a quasi-steady
state disk (Pringle 1981). In the case of a central binary, the additional torque from the
binary means that the initial surface density profile for the particles is not well approximated by a power law close to the binary (e.g. Pringle 1991; Günther & Kley 2002). The
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profile is also highly dependent on the binary eccentricity (Artymowicz & Lubow 1994;
1996; Lubow et al. 2015; Miranda & Lai 2015; Lubow & Martin 2018a; Franchini et al.
2019; Liu et al. 2019). In this Section, we first use smoothed particle hydrodynamic (SPH)
simulations to model the surface density profile of a quasi-steady state circumbinary gas
disk. We then set up our n-body simulations with a surface density profile fit to our SPH
results. Finally we discuss the stability limit for test particle orbits and compare it to our
initial particle set up.

Hydrodynamic circumbinary gas disk simulations
We run two simulations of a circumbinary gas disk around an equal mass binary (M1 =
M2 = 0.5 M , where M is the total mass of the binary) with eccentricity eb and semi-major
axis ab . We use the SPH (Price 2007; 2012) code P HANTOM (Price & Federrath 2010;
Lodato & Price 2010; Price et al. 2018) that has been used extensively for circumbinary
disks (e.g. Nixon 2012; Nixon et al. 2013; Rocher & Cuello 2018; Smallwood et al. 2019b;
Aly & Lodato 2020). The first SPH simulation is a circular and coplanar orbit binary,
GasdiskC. The second simulation is an eccentric (eb = 0.8) and coplanar orbit, GasdiskE.
We run each simulation until the inner parts of the disk reach a quasi-steady state,
meaning that the density profile is self-similar in the inner part of the disk at subsequent
times. In order to reach a complete steady state we would need to have a steady flow of
material added to the outer parts of the disk and to integrate the simulation for a very long
time (e.g. Muñoz et al. 2019). Since we are interested only in the surface density profile
for the disk and the mass scaling is arbitrary, we do not add material to the disk. The mass
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Figure 2.1: Surface density profiles of the SPH simulations for a circular (GasdiskC) and
eccentric binary (GasdiskE), and their analytic fits for the binary models listed in Table 2.1.
The data from the SPH results are shown by solid lines and the double Gaussian fits to the
SPH data are shown by dashed lines. We consider the surface density profiles in the ranges
[1.5,8.0] ab and [1.5,4.0] ab for binaries separated by 0.5 au and 1 au respectively. The
critical stability radius for circular binaries is marked by the blue line and for binaries with
e = 0.8 it is marked in red.
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Table 2.1: Surface density profile fits from the SPH models. All binary orbits are coplanar
to the disk. We list which SPH model is used to determine the initial surface density for
each binary model, the separation and eccentricity of the binary model, and the outer radius
of the fit.
Surface density fit ab (au)
FitCH
0.5
FitEH
0.5
FitC1
1.0
FitE1
1.0

eb
0.0
0.8
0.0
0.8

SPH model Rout /ab
GasdiskC
8
GasdiskE
8
GasdiskC
4
GasdiskE
4

of the disk decreases in time as mass falls on to the central binary.
The simulation results are independent of disk mass that we take to be Md = 0.001 M .
In each case, the disk surface density is initially a power with radius (⌃ / R

3/2

) between

inner radius Rin = 6 ab and outer radius Rout = 10 ab . The initial inner radius is chosen
to be far enough away from the binary in all cases that material initially flows inwards so
that we can achieve a steady state that does not depend on the initial conditions. The disk
spreads inwards and outwards during the simulation.
The Shakura & Sunyaev (1973a) viscosity parameter is set to ↵ = 0.01. The viscosity is
implemented by adapting the SPH artificial viscosity according to Lodato & Price (2010).
The disk is locally isothermal with sound speed cs / R
varies weakly with radius as H/R / R

1/4

3/4

and the disk aspect ratio

. This is chosen so that ↵ and the smoothing

length hhi /H are constant with radius (Lodato & Pringle 2007). Note that since the SPH
simulations are scaled to the binary separation we do not run different simulations for
different binary semi-major axis. Instead, we use the same profile (scaled to the binary
separation) but truncate it at a different outer radius (relative to the binary separation).
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Changing the binary separation is equivalent to changing the outer radius used in the surface
density profiles. The temperature profile of the disk is determined by the disk aspect ratio,
H/R, that is a fixed in time and scaled to the binary separation such that H/R = 0.05 at
radius R = 6 ab . By scaling the temperature profile in this way, the surface density profile
scales with ab .
Each simulation contains 500, 000 SPH particles initially. The stars are treated as a sink
particles with accretion radii of 0.25 ab . The mass and angular momentum of any SPH
particle that passes inside the accretion radius is added to the star. We do not include the
effects of self-gravity in our calculations. The surface density profiles for the two SPH
simulations are shown in the solid lines in Fig. 3.2 at a time of 1000 Porb , where Porb is the
orbital period of the binary. The solid lines in the upper and lower panels are the same, the
upper panel just extends to larger radius relative to the binary separation.
In Fig. 3.2 we also show a double Gaussian analytic fit to each profile in the dashed
lines. The different fits and their binary setups are shown in Table 2.1. The surface density
in all cases becomes very small in R < 1.5 ab and we fit the distribution down to R =
1.5 ab .
We set the outer edge of our disk fits to be R = 4 au in all cases. This is equivalent
to R = 8 ab and R = 4 ab for our two binary separations of 0.5 au and 1 au, respectively.
Although imposing an outer edge at 4 au deviates from scaling the disk with binary separation, we do this so that we may include Jupiter and Saturn at fixed orbits in our simulations.
While the SPH simulation surface densities (solid lines) are the same in the upper and
lower panels of Fig. 3.2, just a different radial range, the fits (the dashed lines) are slightly
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different.
We expect the late-stage of terrestrial planet formation to take place inside of the snow
line radius where water is in a gaseous form (e.g. Lecar et al. 2006; Garaud & Lin 2007;
Martin & Livio 2012). Our choice to truncate the outer edge of the disk at R = 4 au
is motivated by previous n-body studies. Quintana & Lissauer (2014) used a disk that
extended out to 4 au in order to study the dynamics and radial mixing of volatile rich bodies
exterior to the snowline in the solar system. Quintana & Lissauer (2014) found that late
stage water delivery to the inner terrestrial planets most likely originated from volatile rich
bodies exterior to the snowline. Consequently, subsequent work studying terrestrial planet
formation has adopted a disk that extends out to 4 au (Quintana et al. 2016; Childs et al.
2019a).
The initial orbital properties of the orbits of Jupiter and Saturn are the same in all runs
that include the giant planets. We set the outer edge of the particle disk to be 4 au in all
runs so we may make a direct comparison between systems with and without the giant
planets. Note that our initial surface density profile has a sharp truncation at the outer edge.
This does not account for the shape of the gap in the gas disk that the giant planets would
carve out (e.g Lin & Papaloizou 1986). Using an approximation formula from Takeuchi
et al. (1996) and the viscosity parameter and disk aspect ratio from our SPH simulations we
estimate that Jupiter, at its current mass and radius, would open a gap that extends inwards
to about 3.65 au. While we allow our disks to extend out to 4 au we expect that the particles
that are initially exterior to 3.65 au become quickly unstable without significantly affecting
the dynamical evolution and architecture of the final planetary systems. We discuss this
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further in Section . The outer truncation radius for the planetesimal disk restricts the radial
range where terrestrial planets may form and prevents their formation around binaries with
wider orbits (e.g. Clanton 2013).
In this work we assume that both giant planets and terrestrial planets form in situ.
However, some solar system formation models allow for migration of the giant planets
after their formation. For example, in the Grand Tack model, Jupiter first migrated inwards
down to an orbital radius of 1.5 au and later migrated outwards to its current location (Walsh
et al. 2011; Raymond & Morbidelli 2014). This scenario could significantly alter the initial
distribution of the particles available for terrestrial planet formation. Since the original
locations and migrations of the giant planets are still widely debated topics, we assume in
situ formation of the giant planets for simplicity. In this scenario, the gas profile is a good
proxy for the initial distribution of solid bodies after gas dispersal.

N-body simulations
Our n-body simulations model the late stages of planet formation after the gas disk has
completely dissipated and solid bodies, Moon-size planetesimals up to Mars-size embryos,
interact with one another through purely gravitational interactions. It is through these gravitational interactions of planetesimals and embryos that terrestrial planets form (Kokubo &
Ida 1996a; Chambers 2001a).
We use the n-body code REBOUND (Rein & Liu 2012) with the symplectic integrator
IAS15 (Rein & Spiegel 2015) unless otherwise stated. IAS15 utilizes an adaptive time step
and we set an initial time step of about 2% of the binary orbit. Collisions are resolved
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by a perfect merging model which always merges particles together if their physical radii
are detected to overlap with one another. During the process, the mass and momentum of
the particles are conserved. We define an ejection from the system as a particle that has
exceeded a distance of 100 au. We remove the particle from the simulation at the time that
this criteria is met.
All stars are given a mass of 0.5 M and a radius of 0.001 au. We consider different
binary models with various values of binary separation (ab ) and eccentricity (eb ) for the
binary orbit. The binary parameters for each model are listed in Table 4.1. Each model is
a unique set of binary separation (ab ) and eccentricity (eb ). Model names with a C refer
to circular orbit binaries and model names with an E refer to eccentric orbit binaries. The
remaining part of the model name refers to the binary separation, ab , (1 au or half an au).
Model names that begin with S are for single star runs which are discussed later on. The
disk particle orbits are measured with respect to the center of mass of the system.
The range of binary semi-major axes and eccentricities is chosen so that the formation
of planet embryos inside of the snow line is possible. The n-body disk is largely motivated
by solar system studies. As a result, we choose a binary whose total mass is 1 M . Mass
ratio distributions of observed binary stars reveal a twin phenomenon which refers to an
excess of stellar mass ratios near one and so, we choose equal mass stars for our study.
Futhermore, studies with a binary mass ratio close to one focus on spectroscopic binaries
with a small separation (ab < 1 au) and so we consider binaries with relatively small separations of 1 au and 0.5 au (Lucy & Ricco 1979; Hogeveen 1992; Tokovinin 2000; Halbwachs, J. L. et al. 2003; Lucy, L. B. 2006; Pinsonneault & Stanek 2006; Simon & Obbie
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2009; Kounkel et al. 2019). The binary orbital plane and gas and particle disks begin close
to coplanar which is consistent with previous theoretical studies and most observations of
circumbinary debris disks (Kennedy et al. 2012b; Foucart & Lai 2013; Li et al. 2016). The
eccentricity of the binary is sampled at two extremes of circular (e = 0) and eccentric
(e = 0.8).
The particle disk we use for our n-body studies is adopted from Quintana & Lissauer
(2014) and is an extrapolation from the disk used in Chambers (2001a) although there is
some debate whether embryos may form this close-in to the binary. Moriwaki & Nakagawa (2004) found that planetesimals may not form close-in to the binary in a gas-free
environment and Marzari et al. (2013) found that even in a gas-rich environment planetesmials have a difficult time growing as binary perturbations grow planetesimal velocities to speeds that are more likely to result in fragmentation rather than accretion. However, there are mechanisms available that may overcome this barrier to embryo growth
interior to the critical stability limit such as second generational growth of planetesimals
via fragments (Paardekooper & Leinhardt 2010). Additionally, previous studies of terrestrial planet formation in circumbinary disks consider disks that begin even closer-in to the
binary (Quintana & Lissauer 2006a; Quintana & Lissauer 2007).
To generate the initial particle disk surface profile we use the analytic fits to the results from the SPH simulations described in Section (see Fig. 3.2). We then uniformly
distribute 26 Mars-sized embryos (m = 0.093 M ) and 260 Moon-sized planetesimals
(m = 0.0093 M ) along the fits between 1.5 ab and 4.0 au. The total mass of the planetesimals and embryos is 4.85 M . We assume that all of the gas has dissipated by this time and
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our disk now only contains solid bodies. Assuming a dust-to-gas ratio of 0.01, this dust
mass implies an initial gas disk mass of ⇠ 0.0015 M for the inner disk regions. All bodies
begin on nearly circular (e ¡ 0.01) and nearly co-planar orbits (i < 1 ). Body eccentricities
and inclinations are uniformly distributed between (0.0,0.01) and (0 , 1 ), respectively. All
other orbital elements are uniformly distributed between 0 and 360 . This bi-modal mass
distribution and the distribution of orbital elements are extrapolated from the disk used in
Chambers (2001a). Chambers (2001a) successfully reproduces the broad characteristics of
the solar system and consequently, this disk is used for many n-body studies of terrestrial
planet formation.
For the n body simulations we model the inner parts of the disk up to a radius of
R = 4 au in all cases. We consider two different binary separations, ab = 0.5 au and
ab = 1 au. For the simulations with ab = 0.5 au (CH and EH), we use the fits shown in the
upper panel of Fig. 3.2 and for the simulations with ab = 1 au (C1 and E1), we use the fits
shown in the lower panel of Fig. 3.2, as described in Table 2.1.
Unless otherwise stated, we perform 50 runs with giant planets and 50 runs without
giant planets for each setup. All runs begin with the same initial conditions for a given
model, however we change the random seed generator used for the orbital elements of the
planetesimals and embryos in each run. The systems with giant planets include Jupiter
and Saturn at their current orbit and mass. The Jupiter planet has the initial properties
of mass m = 317.7 M , semi-major axis a = 5.20349 au, eccentricity e = 0.048381,
and inclination i = 0.365 , and the Saturn planet has m = 95.1 M , a = 9.54309 au,
e = 0.052519, and i = 0.8892 . The runs that include Jupiter and Saturn are denoted with
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the subscript JS. Runs without a subscript do not include Jupiter and Saturn.
To help us identify what effects are caused by the binary we also perform simulations
around a single 1 M star using the disk from the CH model and also the disk from the C1
model. We refer to the runs using the CH disk around a single star as SH and to the runs
with the C1 disk as S1. We integrate 50 runs for both SH and S1 models. We note that the
single star simulations presented here are not supposed to be a model of planet formation
around a single star since we use the surface density profile of a circumbinary disk. They
are simply to enable us to disentangle the binary effect on the planet formation process.
All bodies, excluding the stars, are given an initial density of 3 g cm 3 . Because IAS15
is a high accuracy integrator, in order to reduce computation time we apply an expansion
factor to the particle radii of the planetesimals and embryos. We expand their radius by a
factor f = 25 times their initial radius. The use of an expansion factor in n-body studies
was shown by Kokubo & Ida (1996a; 2002) to not have a significant effect on the evolution
of planets other than reducing the timescale of planet formation provided that the velocity
dispersion of the bodies is not dominated by gravitational scattering. Although previous
studies mostly use an expansion factor up to about f = 6, these studies use collision models
that allow for inelastic bouncing and/or fragmentation which will significantly affect the
gravitational scattering of bodies (e.g. Leinhardt & Richardson 2005; Bonsor et al. 2015).
Since we use a simple merging model, where particles always merge when their physical
radii come in contact, we are able to use a larger expansion factor. Using only perfect
merging, Kokubo & Ida (2002) experiment with f = 10 in n-body simulations modeling
planetesimal growth and find similar results as their simulations with f = 6. After short
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term experiments with f = 5, 10, 20, 25, 100, we chose the smallest expansion factor that
yielded a reasonable simulation runtime. In Section we show some convergence tests with
different expansion factors.
Aside from the convergence tests, we apply the same expansion factor to all systems
and anticipate that the contributions of the expansion factor will have the same effect on
all systems to a reasonable degree. We expect the differences that arise between systems is
mainly a result of differences in surface density profiles, binary orbital parameters and the
presence or absence of giant planets.
We integrate all our systems with f = 25 for 7 Myr. Terrestrial planet formation happens on timescales much longer, up to hundreds of millions of years however, we artificially
inflate the particle radii which allows us to identify trends in planet formation pathways after a much shorter integration time as it corresponds to an effective timescale in excess of
typical terrestrial planet formation timescales.

Critical stability limit for a particle
Strong perturbations from a central binary clear out planet orbits in the inner regions
of the disk drastically lowering the probability of particles existing there (e.g. Holman &
Wiegert 1999; Chen et al. 2020). An analytical theory for stable circumbinary orbits has
been put forth by Lee & Peale (2006) and Leung & Lee (2013), based on the restricted
three-body problem (Szebehely & Peters 1967; Murray & Dermott 2000). This theory has
been tested via n-body simulations by Bromley & Kenyon (2015) and Mason et al. (2015).
The radial stability limit, ac , for a coplanar planet is the innermost stable orbit that a planet
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can reside on around a binary with a given eccentricity, eb , mass fraction, µ, and orbital
separation, ab . Empirical fits by Holman & Wiegert (1999), improved on by Quarles et al.
(2018), find that the critical radius, or stability limit, for a binary with a given mass ratio,
separation and eccentricity is given by

ac /ab = 1.48 + 3.92eb
0.33eb µ

1.41e2b + 5.14µ+
7.95µ2

(2.1)

4.89e2b µ2 ,

where
µ=

Ms
,
M s + Mp

(2.2)

Ms is the mass of the secondary star and Mp is the mass of the primary star (see also
Bromley & Kenyon 2015; Quarles et al. 2018; Chen et al. 2020). It should be noted that
Equation (2.1) assumes that the planet is coplanar to the binary orbit.
For an equal mass binary, the stability limit for a circular binary is ac /ab = 2.1 and for
a binary with an eccentricity of 0.8, it is ac /ab = 3.6. The vertical lines in Fig. 3.2 show the
location of critical stability radius compared to our disk surface density profiles. The gas
disk is stable closer to the binary than the test particle stability limit. The rings in the gas
disk communicate with each other through pressure leading to a stabilising effect. Since
we truncate the outer disk edge at 4 au in all cases, the wider binary separation simulations
have a larger fraction of mass initially in R < ac . However, once the gas disk has dissipated,
particles inside of the critical stability limit become unstable as the critical stability limit is
a prediction of stability for solid bodies in the absence of gas.
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Similarly to Quintana & Lissauer (2006a), our particle disks can begin with particles
that are interior to the critical particle stability limit. We note that it may be difficult for
planetesimals to form close to the binary. While there does remain uncertainty in the early
stages of planetesimal formation in the inner regions, we adopt a particle disk with the same
surface density profile as the gas disk. If stable gas is able to grow and harbor embryos and
dissipate on a short timescale, then the gas profile is a good proxy for the initial location of
the embryos. In Section we consider the effect of these initially unstable particles.

Results
In this section we examine the results of our n-body simulations. We first show that
the orbital evolution of the giant planets, Jupiter and Saturn, are not affected by presence
of the central binary stars. Next, we consider the progress of our simulations in terms
of the amount of material that is available for planet formation in time and then we look
at the properties of the resulting circumbinary planetary systems. Finally, we discuss the
expansion factor convergence tests and the effect of particles that begin inside of the critical
particle stability limit.

Giant planet orbital evolution
Most of the observed CBPs are gas giants. Although this is most likely the result of
observational bias, Armstrong et al. (2014) used debiasing processes on observational data
to predict the occurrence rate of giant planets and found that giant circumbinary planets
appear to be as common as those orbiting single stars. Because of their high occurrence
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rate and strong influence on planet formation, we include Jupiter and Saturn in some of
our simulations. Assuming that the giant planets have the orbital properties of Jupiter and
Saturn is a reasonable assumption since we expect giant planets to form outside of the snow
line radius (e.g. Hayashi 1981; Kennedy & Kenyon 2008; Martin & Livio 2013).
In all of our giant planet runs, Jupiter and Saturn remain on stable orbits and are never
ejected even though they orbit a binary star. Figure 2.2 shows the eccentricity and inclination evolution for the binary, Jupiter and Saturn from one random run in each binary model.
We find similar behavior for these larger bodies in all runs of a given model since the mass
of the planetesimal disk is not sufficient to significantly affect the binary or giant planet orbits. The binary orbit remains unchanged but Jupiter and Saturn undergo small oscillations
in their eccentricity and inclination. Immediately we can see that the amplitude of these
oscillations increases with binary separation and eccentricity. The binary perturbations are
not enough to destabilize these giant planets, but it does slightly affect the inclination and
eccentricity of their orbit. The ability of giant planets to remain on stable orbits around all
the binaries we consider, suggests that circumbinary giant planets are most likely long-lived
once formed.

Planet formation process
We run our simulations for 7 Myr which corresponds to a much longer effective timescale
for planet formation with the use of an expansion factor of the particle radii. As a proxy of
how far along the evolution of the system is, Figure 2.3 shows the star collisions, ejections
and mergers for all systems as a function of time. The lines terminate at the time of the last
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Figure 2.2: Eccentricity and inclination evolution of the binary, Jupiter and Saturn orbits.
The data shown is from one randomly chosen run for each model. We find similar behavior
of the larger bodies in all runs for a given model. Giant planets remain on stable orbits
in all of the simulations although the amplitudes of their oscillations increase slightly with
binary separation and eccentricity.
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recorded event. The top panel shows the cumulative fraction of disk mass that has collided
with one of the stars. Star collisions are very infrequent in all systems. At the onset of
the simulations, eccentric binaries experience the highest rate of collisions although these
collisions are very short-lived. In the case of the CH model, the systems experience star
collisions up to 5 Myr, although at a low rate.
In agreement with Smullen et al. (2016), disk mass is much more likely to be removed
from the system through ejections rather than star collisions. The middle panel shows the
cumulative fraction of the disk mass that has been ejected from the system. A body is
ejected from the system once it exceeds a distance of 100 au.
The effects of exterior giant planets on terrestrial CBP formation depend on the binary
separation and eccentricity. In general, widely separated binaries have a larger torque than
close-in binaries (at a given radius from the centre of mass) and eccentric binaries have a
stronger torque than circular binaries. If the sum of the gravitational perturbations from
the binary and giant planets is too large, the majority of the disk mass is ejected and this
hinders planet formation. This is the case for binary systems separated by 1 au that contain
Jupiter and Saturn at their current orbits. The most extreme scenario we consider is the
E1JS system which contains a binary with a semi-major axis of 1 au and e = 0.8, and also
Jupiter and Saturn at their current orbits. The gravitational perturbations from the binary
and giant planets leaves no circumbinary material in the disk to form planets at 7 Myr.
However, in systems with giant planets and binaries separated by 0.5 au, ejection rates are
moderate.
We find that binaries separated by 1 au eject more material than the binaries separated
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by 0.5 au because there is a larger fraction of material initially located in R < ac . Generally,
the systems with giant planets eject more material than the systems without giant planets.
Systems without giant planets are able to retain more material in their circumbinary disks
to grow their planets.
In our single star runs, no mass is ejected from the system and no mass collides with the
central star throughout all of the simulations. All the mass is conserved in these systems
as they lack the central perturbations from the binary torque that is expelling mass early on
and speeding up planet formation.
The bottom panel of Figure 2.3 shows the total number of mergers versus time for
all systems. The highest merging rates appear at the beginning of the simulation but some
systems are still undergoing steady rates of mergers at 7 Myr. As expected, we find the total
number of mergers and the total number of ejections are inversely related. The systems with
the highest number of ejections (E1JS , E1, EHJS , C1JS ), have the lowest number of mergers
as there is less material left in the disk to merge.

Circumbinary planetary systems
Table 4.1 lists the average values of the planet multiplicity, mass, semi-major axis,
eccentricity and inclination between all 50 runs for each model after 7 Myr of integration
time. In the table we only consider bodies with a mass greater than 0.1 M . Smaller bodies
may still be found in most systems at this time but including these would skew the planet
statistics.
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Figure 2.3: Cumulative number of ejections, star collision and particle mergers for all
systems that begin with 4.85 M of embryos and planetesimals. The top panel depicts the
cumulative fraction of the total disk mass that collides with one of the stars, the middle
panel depicts the cumulative fraction of the total disk mass that is ejected from the system
and the bottom panel shows the total number of bodies that merged with a body versus
time. The lines terminate at the time of the last recorded event.
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Table 2.2: Average values and standard deviations for the terrestrial planet multiplicity and planet mass (Mp ), semi-major axis (ap ),
eccentricity (e) and inclination (i) after 7 Myr of integration time for all models. These statistics only consider bodies with a mass
larger or equal to 0.1 M . We also list the binary separation and eccentricity, and the SPH fit for the initial surface density profiles of
each model for reference. Models that include the subscript JS include Jupiter and Saturn, and the model that includes the subscript
X begins with a truncated disk that only includes bodies at or exterior to the critical stability limit for an eccentric binary, ac = 3.6 ab .

Model ab /au
SH
CH
0.5
EH
0.5
S1
C1
1.0
E1
1.0
CHJS
0.5
EHJS
0.5
C1JS
1.0
E1JS
1.0
E1X
1.0

eb
0.0
0.8
0.0
0.8
0.0
0.8
0.0
0.8
0.8

Surface density
FitCH
FitCH
FitEH
FitC1
FitC1
FitE1
FitCH
FitEH
FitC1
FitE1
FitE1

No. of planets
5.8 ± 0.76
5.1 ± 1.28
3.4 ± 1.03
4.8 ± 0.75
2.9 ± 0.89
1.5 ± 0.57
2.4 ± 0.91
1.4 ± 0.69
1.4 ± 0.61
0.0
1.4 ± 0.48

Mp /M
0.81 ± 0.60
0.89 ± 0.58
1.22 ± 0.67
0.99 ± 0.73
1.35 ± 0.72
0.30 ± 0.16
1.35 ± 1.03
1.43 ± 0.74
0.76 ± 0.45
0.29 ± 0.13
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ap /au
2.59 ± 1.20
2.76 ± 0.88
3.21 ± 0.79
2.98 ± 0.95
3.45 ± 0.68
4.10 ± 0.34
2.26 ± 0.44
2.62 ± 0.30
2.85 ± 0.31
4.17 ± 0.31

e
0.06 ± 0.05
0.04 ± 0.03
0.06 ± 0.04
0.04 ± 0.04
0.05 ± 0.03
0.05 ± 0.03
0.05 ± 0.04
0.06 ± 0.05
0.06 ± 0.02
0.05 ± 0.03

i
1.70 ± 1.53
0.96 ± 0.66
2.63 ± 2.27
1.49 ± 1.46
1.35 ± 0.94
1.44 ± 1.25
1.49 ± 1.10
3.16 ± 3.01
1.10 ± 0.66
2.10 ± 1.42

Figure 3.3 shows the eccentricity (left panels) and inclination (right panels) versus the
planet semi-major axis, ap , normalised by the binary separation, ab , for all the bodies
(across all runs) that survived 7 Myr of integration time. The size and the color of the
particles show the relative masses. We measure the semi-major axis of the bodies in the
single star runs in units of their counterpart binary separation for an easier comparison
between models. The black vertical lines mark the critical stability limit, ac , for the system.
For all binaries, the planets form exterior to the stability limit although some smaller bodies
may be found just interior to the critical radius.

Effect of a binary on planet formation
We first consider the effect of the binary on planet formation. The two single star systems, SH and S1, use the same initial surface density profile as the circular orbit binary
simulations CH and C1, respectively. The single star planetary systems and the systems
around circular binaries are quite similar but we note a few differences. Larger bodies can
be found closer in around single star systems than around binaries. This is expected as
these systems do not contain a central torque. The central torque from a binary speeds up
the planet formation process by driving planet-planet interactions, and ejects more material
earlier on reducing the reservoir of material available to form terrestrial planets. A population of small mass, high eccentricity and high inclination particles is somewhat depleted by
the binary but remain in the single star systems. These effects are comparable to the effects
of exterior giant planets on circumstellar systems (see also Childs et al. 2019a).
The binary star systems form fewer but slightly more massive planets than their single
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Figure 2.4: Eccentricity (left panels) and inclination (right panels) vs. the particle semimajor axis, ap /ab , for all the bodies that survived 7 Myr of integration time. The size and
color of the points correspond to the body’s mass.
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star counterpart. This indicates that although the planet formation process is happening
faster, circular binary systems follow similar planet formation pathways as their circumstellar analogs. The most notable difference in single star systems is that these systems
retain more mass. As a result, the single star systems are able to create higher multiplicity
planetary systems than their circumbinary analog.
Widely separated binaries have a larger torque than close-in binaries and so we find
that widely separated, circular binaries have fewer but more massive planets than close-in
circular binaries. This is because the larger torque from a widely separated binary speeds
up the planet formation process by increasing the rate of mergers. This explains why we see
larger planets in the C1 system than the CH system. However, the stability limit increases
with binary separation. As a result, systems with a larger binary separation are more likely
to eject greater amounts of mass. This is especially true for the disks that hold more mass
interior to the critical radii. A direct consequence of this mass loss are planetary systems
with a lower multiplicity. Our simulation results confirm this as the C1 and E1 runs produce
fewer planets than the CH and EH runs.

Effect of the binary eccentricity
As the eccentricity of the binary increases, the particle stability limit increases. Thus,
the range of semi-major axes with stable orbits decreases. This increase in unstable disk
regions greatly decreases the efficiency of planet formation by ejecting the majority of the
disk mass in the inner system. Consequently, we find more planets around circular binaries
than around eccentric binaries and they are able to form closer in. Comparing CH to EH, we
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see that planets that form around eccentric binaries may form with higher mass, eccentricity
and inclination.
The widely-separated eccentric binaries found in our E1 runs have the largest torque
of all the systems we consider and produce the fewest and smallest planets. However,
compared to their circular counterpart, the perturbations from a close-in eccentric binary
seems to be a sweet spot for planet formation as these systems produce more massive
planets on average with a relatively low mass ejection rate.

Effect of giant planets
Comparing the CHJS and EHJS systems to CH and EH, respectively, we see that the
systems with giant planets produce fewer but more massive planets. Because the central
torque for the binaries separated by 0.5 au is relatively small, the additional exterior perturbations from the giant planets aids planet formation.
The large regions of unstable space in systems with giant planets are evident in Figure
3.3. We see that giant planets efficiently truncate the outer edge of the planetesimal and
embryo disk around 3

3.5 au. This truncation only permits planets to form between the

stability limit ac and about 3.5 au. This means that in the wider orbit binaries we consider,
planet formation is largely inhibited. There are no planets in E1JS and only a few small
planets around C1JS . It should also be noted that the large secular resonances from Jupiter
and Saturn occur interior to this outer stability limit such as the ⌫6 resonance that is around
2 au in the solar system (e.g. Froeschle & Scholl 1986; Morbidelli & Henrard 1991). Giant
planets are efficient at removing the large population of low mass, high eccentricity and
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high inclination bodies seen to be most populous in the single star systems but present in
all the simulations without giant planets.
Because no planets formed in the E1JS runs, we suggest that terrestrial planets are very
unlikely around widely separated (ab

1 au), highly eccentric, coplanar binaries that har-

bor giant planets. The addition of giant planets into the already inefficient systems around
widely-separated, eccentric binaries removes almost all likelihood of planet formation.

Expansion factor convergence tests
To check how the expansion factor affects our simulations, we first compare the binary
simulation CH with a higher expansion factor. Then we consider the single star model SH
with a lower expansion factor since modeling only a single star allows us to use a faster
numerical integrator.
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Figure 2.5: Total number of mergers versus the effective time, t0 . The top panel shows the
total number of mergers versus simulation time t with no scaling. The middle and lower
panels show this same data but multiply the simulation time t by f 2 and f 2.5 . We find f 2.5
is a more accurate scaling for predicting the effective time of planet formation than f 2 when
perfect merging is assumed.
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Table 2.3: We consider the SH and CH models with different numerical integrators and expansion factors f . We list the model,
integrator, expansion factor, time and the resulting terrestrial planet multiplicity, planet mass (Mp ), semi-major axis (ap ), eccentricity
(e) and inclination (i). In the CH systems, we evaluate all runs at 7Myr. In the SH models, we evaluate the systems with f = 25 at
1 Myr of simulation time, and the runs with f = 10 at 10 Myr since these are similar effective times. These statistics only consider
bodies with a mass 0.1 M and the data from 10 runs for each setup.

Model Integrator
CH
IAS15
CH
IAS15
SH
IAS15
SH
Mercurius
SH
Mercurius

f Time/Myr
50
7
25
7
25
1
25
1
10
10

No. of planets
6.0 ± 0.67
5.1 ± 1.28
7.1 ± 0.70
7.7 ± 1.49
6.2 ± 1.25

Mp /M
0.92 ± 0.56
0.89 ± 0.58
0.59 ± 0.45
0.56 ± 0.46
0.68 ± 0.54
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ap /au
2.75 ± 0.80
2.76 ± 0.88
2.78 ± 1.09
2.82 ± 1.08
2.87 ± 1.35

e
0.03 ± 0.02
0.04 ± 0.03
0.06 ± 0.05
0.05 ± 0.03
0.09 ± 0.06

i
0.82 ± 0.47
0.96 ± 0.66
1.38 ± 1.70
1.52 ± 1.49
3.23 ± 2.87

Higher expansion factor
First we experiment with a larger expansion factor to see if the results converge. We
run ten CH models with f = 50 and compare the results to ten CH runs with f = 25.
We compare the systems at 7 Myr which corresponds to evolution timescales much greater
than what is needed for the systems to fully evolve. We list the resulting planetary systems
in Table 5.2 and find that both expansion factors produce similar systems suggesting that
expansion factors larger than 25 may be suitable for similar n-body studies.
We emphasize that the focus of this study is not to accurately predict final planet properties but to identify differences in terrestrial circumbinary planet formation trends as a
function of binary separation and eccentricity.

Single star model with lower expansion factor
We now perform convergence tests with a lower expansion factor using the SH model.
Because the SH model uses only one star, we are able to use a faster hybrid integrator
which is not well suited for binary studies. Mercurius is a hybrid of the high accuracy nonsymplectic integrator IAS15 and the symplectic integrator WHFAST (Rein et al. 2019). To
study how the integrator affects the simulation results we first include 10 runs of the SH
systems with f = 25 and the IAS15 integrator and compare to 10 runs with the Mercurius
integrator. In Table 5.2 we see that the two integrators for the SH model with f = 25
produce similar systems however the IAS15 integrator returns slightly fewer but higher
mass planets on more eccentric orbits suggesting that IAS15 more accurately captures the
effects of gravitational scattering than Mercurius.
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Using the Mercurius integrator and the SH model we compare ten runs with an expansion factor of f = 10 to ten runs with f = 25. Because a smaller expansion factor corresponds to a longer effective timescale we integrate the systems with f = 10 for 50 Myr. In
order to compare the SH systems with f = 10 to the SH systems with f = 25 at the same
effective time, we first need to determine how f reduces the evolution timescale. To do this,
we use the total number of mergers as a proxy of the effective time, which we denote by t0 .
Figure 2.5 shows the total number of mergers across all ten runs with f = 10 and f = 25
versus the simulation time t without any scaling, and also with t scaled by f 2 and f 2.5 .
Although Kokubo & Ida (2002) suggest that the evolution timescale is reduced by f 2 , we
find that the evolution timescale is more accurately reduced by f 2.5 when perfect merging
is assumed.
To check if the f = 10 systems converge to the f = 25 runs, we evaluate the planet
properties at the same effective time t0 = tf 2.5 . We evaluate the f = 25 runs at 1 Myr and
the f = 10 runs at 10 Myr. Table 5.2 lists the integrator and expansion factor used, the
integration time the system is evaluated at and the average values and standard deviations
of the resulting planetary system multiplicities, planet mass, semi-major axis, eccentricity
and inclination for the bodies with a mass

0.1 M .

Both systems produce planets with similar semi-major axes, but the f = 10 systems
produce slightly fewer and more massive planets that are on more eccentric and inclined
orbits than the f = 25 systems. Because f = 25 systems merge bodies together more
quickly than the f = 10 systems, the bodies do not have enough time for the orbits to grow
to excited states via planet-planet scattering which lowers the probability of collisions. This
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explains why the f = 25 systems slightly underestimate the planet eccentricity, inclination
and mass.

Effect of particles that begin in unstable regions
We first consider directly the effect of the initially unstable particles that may form at
orbital radii R < ac in the gas disk since it is uncertain whether planetesimals can form
so close to the binary. We choose the simulation with the most mass initially interior to
ac , model E1, and we run the same simulation but remove the particles that are initially in
R < ac . We perform 50 runs for the E1X model. The X in the subscript of a model name
means the inner radius of the disk has been truncated at the critical particle stability limit.
We use the same disk setup around the eccentric binaries as described previously however,
we only include bodies with an initial semi-major axis greater than or equal to the critical
stability limit for a binary with e = 0.8, that is ac = 3.6 ab . Thus, the disk in E1X does not
begin with the same amount of material as E1.
The bottom row in Table 4.1 shows the average values and standard deviations for the
terrestrial planet multiplicity, planet mass (Mp ), semi-major axis (ap ), eccentricity (e) and
inclination (i), after 7 Myr of integration time. These statistics only consider bodies with a
mass larger or equal to 0.1 M . Comparing the results from model with a truncated disks
to the model without a truncated disk we find that the results are very similar. The E1X
system initially contains 145 bodies, including 12 embryos, yielding a total planetesimal
and embryo mass of 2.35 M which is ⇠ 49% of the solid disk mass in model E1. Even
with only less than half of the solid disk mass available, the E1X simulation results in
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almost identical systems as the E1 system. This suggests that the early outward scattering
of the unstable bodies interior to ac does not significantly alter the evolution of the planetary
system.
There is a second initially unstable region at the outer edge of our particle disk in the
simulations for which we include the giant planets. We expect that particles that begin
in this region similarly have little effect on the formation of the terrestrial planets. The
particles are rapidly ejected at the start of the simulation. As we discussed in Section , we
did not use an initial surface density profile for the particles motivated by the shape of a
gap in the gas disk carved by Jupiter. The gap size is estimated to be down to about 3.65 au
while our simulations extend to 4 au. In all of the simulations that include the giant planets,
with the exception of one C1JS run, there are very few planetesimals (m = 0.0093 M ) and
only one embryo (m = 0.093 M ) found exterior to 3.65 au after 7 Myr. Across all of the
C1JS simulations, one planetesimal is found exterior to the gap edge and also a planet with
0.32 M at 3.69 au. The embryo for this planet began just interior to the gap edge at 3.57 au
and migrated outwards slightly in time. Excepting this particular, there are no planets with
a mass greater than 0.1 M in R > 3.44 au. Thus, the sharp truncation of the initial particle
disk at the outer edge does not affect the outcomes of the simulations.

Summary
Using n-body simulations, we have modeled the late stages of CBP formation around
various binary systems. We used the results of hydrodynamic gas disk simulations to determine the initial distribution of Moon and Mars-sized bodies for our n-body simulations.
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We considered both eccentric (e=0.8) and circular (e=0) binary orbits with a circumbinary
disk of planetesimals and embryos. Some of our runs included Saturn and Jupiter at their
current orbit. We also simulated a subset of runs using only a single star to disentangle
the effects of the binary and a run that begins only with bodies at or exterior to the critical
particle stability limit to explore the effects of initially unstable particles that may form on
stable orbits in the gas disk.
To conclude, we list our main findings here:
• A central binary strongly affects the initial distribution of particles available for terrestrial planet formation. The gas disk extends closer to the binary than the critical
particle stability limit. Solid bodies form on orbits that are unstable once the gas disk
has dissipated and are quickly ejected. The outward scattering of the bodies does not
significantly alter the evolution of the bodies found on stable orbits.
• The CBP formation process around close circular binaries (ab . 0.5 au) is very
similar to the circumstellar planet formation process. However, the torque from the
binary speeds up the planet formation process by promoting body-body interactions
and driving the ejection of planet building material. This leads to slightly fewer but
more massive planets around a close binary. A sufficiently wide binary provides a
large central torque which can prevent terrestrial planet formation.
• Eccentric binaries can eject large amounts of disk material and form fewer terrestrial
planets than circular binaries. The wider and more eccentric the binary, the more
mass that is ejected from the terrestrial planet forming region. However, around
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a close eccentric binary, these planets are more massive, more eccentric and more
highly inclined than around a circular orbit binary.
• Giant planets reduce the range of stable orbits for planets to form and systems with
giant planets form fewer terrestrial planets. The combined perturbations from giant
planets and the binary torque can destroy planet formation completely for a wide
and/or eccentric binary. However, the few planets formed around close binaries with
giant planets have larger mass, larger eccentricity and higher inclination than the
planets in systems without giant planets.
• The giant planets remain on stable orbits in all of our simulations suggesting that
circumbinary giant planetary systems can be long-lived once formed.
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CHAPTER 3

CIRCUMBINARY TERRESTRIAL PLANET FORMATION IN THE POLAR
ALIGNMENT
Background
Planetesimals, the building blocks for circumbinary planets, form initially with the orbital properties of the circumbinary gas disk from which they form. There are two stable
stationary inclinations for a circumbinary gas disk around an eccentric binary: coplanar to
the binary orbit and polar aligned to the binary orbit. A low-mass circumbinary gas disk
that is in a polar alignment is inclined by 90 with respect to the orbital plane of the binary
with the angular momentum vector of the disk aligned to the binary eccentricity vector (see
Fig. 3.1 for an example). A disk that is misaligned evolves towards one of these states
depending upon its initial inclination (Aly et al. 2015; Martin & Lubow 2017; Martin &
Lubow 2018; Zanazzi & Lai 2018). Circumbinary disks may be misaligned through turbulence in the molecular cloud that leads to chaotic accretion (Bate et al. 2010) or the effect
of a companion star in the form of a binary or a stellar flyby (Nealon et al. 2020). A polar circumbinary gas disk has been observed around HD 98800 B (Kennedy et al. 2019)
and a polar circumbinary debris disk has been observed around 99 Herculis (Kennedy et al.
2012b; Smallwood et al. 2020). While no planets have been observed around these systems,
both of these disks exhibit features indicative of ongoing planet formation.
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Successful planet observing campaigns by the Kepler and TESS space telescopes have
cumulatively revealed more than a dozen circumbinary planets (CBPs) (e.g. Doyle et al.
2011; Orosz et al. 2012; Kostov et al. 2020) but no highly misaligned or polar CBPs have
yet been observed. The coplanar alignment of observed CBPs is likely a consequence
of observational bias and not representative of the underlying population (Czekala et al.
2019; Martin 2019). CBPs, especially polar CBPs, are difficult to observe due to the long
orbital periods of the planets and complex spectra of the stars (Eggenberger & Udry 2007;
Wright et al. 2012; Martin & Triaud 2014). Detection of polar CBPs may be possible with
eclipse timing variations (Zhang & Fabrycky 2019; Martin & Fabrycky 2021b). However, a
coplanar circumbinary planet has been found around a highly eccentric binary. Kepler-34b
orbits a binary with an eccentricity of eb = 0.5 (Welsh et al. 2012).
Simulations of circumbinary terrestrial planet formation have previously considered
only coplanar or slightly misaligned initial configurations (e.g. Quintana & Lissauer 2006a;
Childs & Martin 2021b). In this letter, for the first time, we study the late stages of CBP
formation in a polar aligned circumbinary disk around an eccentric binary. We aim to understand how the efficiency of terrestrial planet formation in a polar alignment compares to
the coplanar case in order to make predictions about planet properties for the so far unobserved polar CBPs. We use hydrodynamic circumbinary gas disk simulations to motivate
the initial distribution of particles for our n-body simulations of terrestrial planet formation. In Section 2 we discuss the setup of our smoothed particle hydrodynamic (SPH) and
n-body simulations. In Section 3 we present our results, and in Section 4 we summarise
our findings.
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Figure 3.1: Particle orbits in model EP. The binary orbit has a semi-major axis of 0.5 au
and an eccentricity of 0.8. The binary stars are marked by black stars and the binary orbit
is shown with a solid black line. The particles and their orbits are marked in purple. The
size of the markers and the width of the lines are proportional to the particle’s mass. Left:
Time t = 10 Kyr. Right: Time t = 7 Myr.
Simulations
The surface density profile for a circumbinary gas disk is highly dependent on the binary eccentricity (Artymowicz & Lubow 1994; 1996; Miranda & Lai 2015) and inclination
(Lubow et al. 2015; ?). The gap-opening Lindblad resonances are weaker around a tilted
circumbinary disk and so the disk can extend closer to the binary (Lubow & Martin 2018b).
We set up our n-body simulations with a surface density profile based on our SPH gas disk
simulations. There exists a phase where the disk transitions from being gas dominated to
the late stage of planet formation which is dominated by self-gravity of the solid bodies. If
the planets grow quickly, while the gas disk is still present, the planet-disk interactions in
the gas can alter the distribution of the solid bodies embedded in the gas disk. However, if
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stable gas is able to grow and harbor only relatively small solid bodies and then dissipate
on a short timescale, the gas profile is a good proxy for the initial location of the particles
in our n-body simulations. In this Section we describe our SPH and n-body setups and the
methods used in our simulations.

Hydrodynamic circumbinary gas disk simulations
We consider three simulations of a circumbinary gas disk around an equal mass binary
(M1 = M2 = 0.5 M , where M is the total mass of the binary) and fix the binary separation
at ab = 0.5 au. We already presented the coplanar cases in Childs & Martin (2021b) (herein
referred to as CM21) but we show them again here for comparison to the polar case. We
vary the binary eccentricity eb and binary inclination ib for each simulation as described
in Table 1. We use the P HANTOM SPH code (Price & Federrath 2010; Price et al. 2018)
that has been used extensively for circumbinary disks (e.g. Nixon 2012; Smallwood et al.
2019b; Aly & Lodato 2020). The first SPH simulation is for a circular-coplanar binary
(CC) with eb = 0.0, ib = 0.0 . The second simulation is for an eccentric-coplanar binary
(EC) with eb = 0.8, ib = 0.0 , and the last simulation is for an eccentric-polar binary (EP)
with eb = 0.8, ib = 90.0 .
Since we are interested only in the surface density profile for the disk and the mass
scaling is arbitrary, we do not add material to the disk over time. We take a small disk mass
of Md = 0.001 M initially. In each case, the disk surface density is initially a power law
with radius (⌃ / R

3/2

) between inner radius Rin = 6 ab and outer radius Rout = 10 ab .

The Shakura & Sunyaev (1973a) viscosity parameter is set to ↵ = 0.01. The viscosity is
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implemented by adapting the SPH artificial viscosity according to Lodato & Price (2010).
The disk is locally isothermal with sound speed cs / R
varies weakly with radius as H/R / R

1/4

3/4

and the disk aspect ratio

. This is chosen so that ↵ and the smoothing

length hhi /H are constant with radius (Lodato & Pringle 2007). Each simulation contains
500, 000 SPH particles initially. The stars are treated as sink particles with accretion radii
of 0.25 ab . The mass and angular momentum of any SPH particle that passes inside the
accretion radius is added to the star. The rapid flow of material inside the binary cavity is
not well resolved in our simulations. However, because of the low disk mass, the effect
of accretion on the binary orbit is negligible during the simulation. Since we do not try to
resolve the flow in this region, we use a sink particle size that is larger than the size of a star
in order to speed up the computational time. We do not include the effects of self-gravity
in our calculations.
The surface density profiles for the three SPH simulations are shown in the solid lines
in Fig. 3.2 at a time of 1000 Porb , where Porb is the orbital period of the binary. In Fig. 3.2
we also show a double Gaussian analytic fit to each profile in the dashed lines.
We expect the late stage of terrestrial planet formation to take place inside of the snow
line radius, where water is in a gaseous form (e.g. Lecar et al. 2006; Martin & Livio 2012).
For consistency with previous work on terrestrial planet formation, we set the outer edge
of our disk fits to be R = 4 au (Quintana & Lissauer 2014; Quintana et al. 2016; Childs
et al. 2019a). This is equivalent to R = 8 ab for a binary separation of 0.5 au. The outer
truncation radius for the planetesimal disk restricts the radial range where terrestrial planets
may form and prevents their formation around binaries with wider orbits (e.g. Clanton
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Figure 3.2: Surface density scaled to the total disk mass of the SPH simulations for a
circular coplanar circular (CC), eccentric coplanar eccentric (EC) and eccentric polar (EP)
binary. The SPH data is shown with a solid line and the analytic fits are shown with a
dashed line.
2013).

N-body simulations
Our n-body simulations model the late stages of planet formation after the gas disk has
completely dissipated and Moon-size planetesimals and Mars-size embryos interact with
one another through purely gravitational interactions (Kokubo & Ida 1996a; Chambers
2001a). We use the n-body code REBOUND (Rein & Liu 2012) with the symplectic
integrator IAS15 (Rein & Spiegel 2015). IAS15 utilizes an adaptive time step and we set
an initial time step of about 2% of the binary orbit. We assume perfectly inelastic collisions.
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We remove particles from the simulation at the time they exceed a distance of 100 au from
the binary’s center of mass.
We consider the same binary parameters described in the previous section and listed in
the first four columns of Table 4.1. The coplanar models were discussed in CM21 but we
show them here for comparison to the polar case. For the EP models the binary is initialized
with a 90 inclination, longitude of ascending node and argument of pericenter so that the
angular momentum of the disc is aligned to the binary eccentricity vector, as shown in
Fig. 1. For the coplanar models CC and EC, the binary orbital plane and gas and particle
disks begin close to coplanar and we consider a circular (eb = 0.0) and highly eccentric
(eb = 0.8) binary, respectively. Each star has a radius of 0.001 au.
The particle disk we use for our n-body studies is adopted from Quintana & Lissauer
(2014) that is based on the disk used in Chambers (2001a) to model the solar system. To
generate the initial particle disk surface profile we use the double Gaussian analytic fits
to the results from the SPH simulations described in Section (see Fig. 3.2). We then
uniformly distribute 26 Mars-sized embryos (m = 0.093 M ) and 260 Moon-sized planetesimals (m = 0.0093 M ) along the fits between 1.5 ab and 4.0 au. The total mass of
the planetesimals and embryos is 4.85 M . This bimodal mass distribution reproduces the
correct number of terrestrial planets in solar system studies. The larger embryos experience
dynamical damping by the smaller more numerous planetesimals which allows the bodies
to grow more efficiently than in the case of a uniform mass distribution, and more extended
mass distributions lead to an excess of terrestrial planets. Body eccentricities are uniformly
distributed in the range (0.0,0.01). All bodies begin on nearly coplanar orbits with inclina53

tions uniformly distributed between (0 , 1 ). For the polar EP model, the binary is inclined
by 90 meaning that the disk particles have an initial inclination between (89 , 90 ) relative to the binary orbit. The longitude of ascending node, argument of pericenter, and true
anomaly are uniformly distributed between 0 and 360 . All bodies, excluding the stars, are
given an initial density of 3 g cm 3 . All bodies are spherical and we set the radii adopting
a uniform density.
We perform 50 runs for each setup and all runs begin with the same initial conditions for
a given model, however we change the random seed generator used for the orbital elements
of the planetesimals and embryos in each run.
Because IAS15 is a high accuracy integrator, in order to reduce computation time we
apply an expansion factor to the particle radii of the planetesimals and embryos of f = 25
(see CM21 for convergence tests). Expansion factors do not have a significant effect on
the evolution of planets other than reducing the timescale of planet formation Kokubo &
Ida (1996a; 2002). We run our simulations for a time of 7 Myr. Although terrestrial planet
formation takes place over hundreds of millions of years, the effective timescale of planet
formation, t0 , scales with the simulation time by a factor of f 2.5 in the absence of short range
forces and when perfect merging is used (CM21). While a lower expansion factor produces
more faithful simulations we maintain f = 25 in order to make direct comparisons to
previous literature.
We analyse the orbits of the bodies in the frame of the binary orbit by following the
methods of Chen et al. (2019a). The binary reference frame is defined by the three axes,
eb , eb ⇥ lb , and lb , where eb is the instantaneous eccentricity vector of the binary, and lb
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is the instantaneous angular momentum vector of the binary. The inclination of a particle
orbit relative to the binary angular momentum vector is

i = cos 1 (l̂b · l̂p ),

(3.1)

where lp is the instantaneous angular momentum vector of the particle and ˆ denotes a unit
vector.
General relativity (GR) causes the eccentric binary to precess on a timescale of about
2 Myr (Naoz et al. 2017; Zanardi et al. 2018). We integrate the final systems from the EP
runs for an additional Myr using the “gr full” module from REBOUNDx (Tamayo et al.
2020), which models the relativistic effects on all bodies, to test the effect of GR on the
polar terrestrial systems. We refer to these extended runs as the EPGR model.
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Table 3.1: Average values and standard deviations for the terrestrial planet multiplicity and planet mass (Mp ), semi-major axis (ap ),
eccentricity (e) and inclination (i) after 7 Myr of integration time for all models except the EPGR model which shows the final systems
of the EP model after being integrated an additional Myr with the effects of GR. These statistics only consider bodies with a mass
larger or equal to 0.1 M . We also list the binary separation and inclination, and the average total disk material, Md , that remains at
the end of the simulation for each model.

Model ab /au
EP
0.5
EPGR
0.5
CC
0.5
EC
0.5

eb
ib
0.8 90.0
0.8 90.0
0.0 0.0
0.8 0.0

No. of planets
4.8 ±0.8
4.6 ± 0.8
5.1 ± 1.28
3.4 ± 1.03

Mp /M
0.95 ± 0.61
0.98 ± 0.63
0.89 ± 0.58
1.22 ± 0.67

ap /au
2.80 ± 0.96
2.77 ± 0.96
2.76 ± 0.88
3.21 ± 0.79
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e
0.05 ± 0.03
0.05 ± 0.03
0.04 ± 0.03
0.06 ± 0.04

i
Md /M
89.99 ± 1.02 4.62 ± 0.04
89.96 ± 0.93 4.62 ± 0.04
0.96 ± 0.66 4.71 ± 0.01
2.63 ± 2.27 4.19 ± 0.27

Results
In all systems, the stellar collision rate is relatively low compared to the ejection rate (in
agreement with Smullen et al. 2016). Within the first 500 years, 45 planetesimals collide
with a star in the CC systems and 44 planetesimals and eight embryos collide with a star
in the EC systems. Bodies never collide with stars in the polar alignment. A polar inclined
binary provides a near axisymmetric potential in the plane of the circumbinary disk which
leads to a weaker perpendicular torque experienced by the disk than in the coplanar case
(for a fixed radius). A circular coplanar binary exerts a weaker torque than an eccentric
coplanar binary. The larger the torque from the central binary, the more disk mass that
is ejected. On average, a CC system ejects 2% of its particle disk mass, an EC system
ejects 13% of its particle disk mass, and an EP system ejects 4% of its particle disk mass.
Table 4.1 lists the average total disk material, Md , that remains at the end of the simulation
for each binary model. We observe the largest mass loss in the EC system and the EP and
CC maintain similar amounts of material.
Table 4.1 lists the average values of the planet multiplicity, mass, semi-major axis,
eccentricity and inclination between all 50 runs at 8 Myr for the EPGR model and at 7 Myr
for the rest of the models. In the table we only consider bodies with a mass greater than
0.1 M . Smaller bodies may still be found in most systems at this time but including these
would skew the planet statistics. Due to high ejection rates in the EC system, the EC system
produces fewer planets and retains less disk mass than the CC and EP systems. The EC
system does produce more massive planets on average however.
Fig. 3.3 shows the eccentricity (left) and inclination (right) versus the planet semi-major
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Figure 3.3: Eccentricity (left panels) and inclination (right panels) vs. the particle semimajor axis, ap /ab , for all the bodies that survived 7 Myr of integration time except the
EPGR model which shows the final bodies of the EP model after being integrated for an
additional Myr with the effects of GR. The size and color of the points correspond to the
body’s mass.
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axis, ap , normalized by the binary separation, ab , for all the bodies (across all runs) that
survived the integration time. The size and the color of the particles show the relative
masses. Comparing the eccentric binary systems shows that terrestrial planet formation
can occur much closer to the binary in a polar aligned disk than in a coplanar disk. If
terrestrial planets form only in a limited radial range (inside the snow line, for example),
they are more likely to form in a polar configuration than a coplanar configuration around
an eccentric binary. This is in agreement with Chen et al. (2020), who found that planets on
polar orbits are stable at smaller orbital radii. Eccentric-polar binaries and circular coplanar
binaries produce very similar systems just at different inclinations to the binary orbit. The
EPGR systems remain stable and similar to the EP systems after 1 Myr of simulation time
including GR. This suggests that terrestrial planet formation is not significantly affected by
GR.
We now consider the dynamics of the resulting terrestrial planetary systems. Fig. 3.4
shows the maximum differences in eccentricity and inclination,

e and

i, respectively,

that a planet experiences over the final Myr of integration time. They are plotted as a
function of the planet’s final semi-major axis with marker sizes proportional to the planet’s
final mass. GR does not significantly affect the EP system dynamics. There is a general
trend that the closer in a planet is to the binary, the more variation in eccentricity the
planet experiences. The polar planets show smaller variations compared to coplanar planets
around eccentric binaries, while planets around coplanar circular orbit binaries show the
smallest variation.
All planets around eccentric binaries experience inclination oscillations that take place
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over tens of thousands of years as a result of the asymmetric potential of the binary (Verrier & Evans 2009; Farago & Laskar 2010). Previous test particle studies reveal complex
dynamics due to a set of resonances with an interior perturber that induce large oscillations
in particle eccentricity and inclination as well as librating orbits (orbits whose argument
of periapsis oscillates about a fixed point) and orbit flipping (orbits that flip from prograde to retrograde) of the test particle (Naoz et al. 2017; Vinson & Chiang 2018; de Elı́a
et al. 2019). Such resonances can lead to the chaotic and unstable evolution of a body and
explain the semi-major axis dependence on eccentricity variation we observe in our simulations. The terrestrial systems we study are much closer in than the test particle in previous
studies and the stronger gravitational force of the central binary stabilizes the bodies. We
note that the more dynamically changing planet orbits do not significantly affect the number of planets that are able to form in a polar system around an eccentric binary compared
to a circular coplanar system (see Table 1).
Previously we found in coplanar disks that wide and eccentric binaries and exterior
giant planets inhibit terrestrial planet formation by promoting mass ejections from the systems. A tertiary stellar companion may have similar effects on terrestrial planet formation.
A tertiary stellar companion is farther from the binary than the giant planets but the higher
mass could compensate for this and similar effects would likely occur. We have also performed some additional simulations around polar binaries separated by 1 au and also some
systems in which we include Jupiter and Saturn at their current orbit. In all the additional
simulations, we found that terrestrial planet formation in a polar circumbinary disk around
an eccentric binary is similar to the circular coplanar case.
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Figure 3.4: e (top) and i (bottom) versus the particle semi-major axis, ap /ab , for
bodies with Mp 0.1 M at at t = 8 Myr for the EPGR runs and t = 7 Myr for all other
runs. The size of the point is proportional to the body’s mass.
The giant planets remain on stable orbits in all models although our simulations with
giant planets in polar circumbinary disks show large oscillations in inclination for Saturn
that increase as the binary separation decreases. In our polar simulations with giant planets,
Saturn’s inclination oscillates by
0.5 au and oscillates by

i = 10 about i ⇡ 85 around a binary separated by

i = 5 about i ⇡ 87.5 around a binary separated by 1 au. In

polar alignment, giant planet orbits become more dominated by planet-planet interactions
(rather than binary-planet interactions) the farther they are from the binary. This may have
implications for detectable signatures of giant planets with eclipse timing variations, but
we leave the exploration of this subject to future studies.
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Summary
With n-body simulations, we have modeled the late stages of terrestrial planet formation in a polar alignment around an eccentric binary. Hydrodynamic gas disk simulations
determined the initial distribution of Moon and Mars-sized bodies for our n-body simulations. We found that terrestrial CBP formation around an eccentric binary is more likely in
a polar alignment than a coplanar alignment. The potential of a polar aligned binary leads
to reduced mass loss and fewer stellar collisions than in coplanar binaries. Terrestrial planetary systems formed in a polar alignment around an eccentric orbit binary are similar to
those around a circular coplanar binary. Planetary systems around eccentric binaries exhibit
tilt and eccentricity oscillations that are smaller in the polar configuration and unaffected
by GR. We suggest that polar terrestrial planets will be found in the future.
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CHAPTER 4

MISALIGNMENT OF TERRESTRIAL CIRCUMBINARY PLANETS AS AN
INDICATOR OF THEIR FORMATION MECHANISM
Introduction
Circumbinary gas disks around young stars are commonly observed to be misaligned
to the binary orbital plane. The degree of misalignment often increases with binary separation and eccentricity (Czekala et al. 2019). Misalignments in the range 25

60 have

been observed around GG Tau A (Köhler 2011; Andrews et al. 2014), KH 15D (Chiang &
Murray-Clay 2004; Winn et al. 2004; Fang et al. 2019), IRS 43 (Brinch et al. 2016), and
L1551 NE (Takakuwa et al. 2017) while the gas disk around HD 98800 B and debris disk
around 99 Herculis are misaligned by almost 90 (Kennedy et al. 2012a; 2019; Smallwood
et al. 2020). A disk (or planet) that is misaligned by 90 with an angular momentum vector
that is parallel to the binary eccentricity vector is referred to as being polar-aligned and this
is a stable configuration (Martin & Lubow 2017; Lubow & Martin 2018a; Zanazzi & Lai
2018; Cuello & Giuppone 2019; Chen et al. 2020).
The chaotic gravitational collapse of a molecular cloud to form a binary star system and
a subsequent circumbinary disk may result in the misalignment. Misalignment may occur
as a result of turbulence in the molecular gas cloud (Offner et al. 2010; Tokuda et al. 2014;
Bate 2012), later accretion of material by the young binary (Bate et al. 2010; Bate 2018),
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warping by a tertiary companion or stellar flyby (Nealon et al. 2020) or, if the binary forms
from a cloud whose elongated axis is misaligned to its rotation axis (Bonnell & Bastien
1992).
Circumbinary planet (CBP) transit timing variations are much larger than the duration
of the transit, due to the motion of the binary, which makes CBPs difficult to detect. As a
result, most CBP transits are detected by eye which has a strong observational bias against
small planets with small transit depths. While algorithms for automated detection of coplanar CBPs have been presented, terrestrial CBPs have yet to be observed (Windemuth et al.
2019; Martin & Fabrycky 2021a). The difficulty of transit detection for CBP’s increases
with planet misalignment (Schneider 1994; Martin & Triaud 2014; Martin 2017). The
number of transits per epoch for misaligned planets is atypical, thus enhancing the difficult
of photometric detection (Chen & Kipping 2021).
All the so-far observed CBPs are nearly coplanar. The most highly misaligned CBPs
that have been observed are Kepler-413b and Kepler-453b, and they have modest inclinations of about 2.5 to the binary orbital plane (Kostov et al. 2014; Welsh et al. 2015). While
Armstrong et al. (2014) presented occurrence rates for CBPs by assuming that CBPs either
preferentially form coplanar or there is an isotropic distribution of misaligned CBPs, Li
et al. (2016) argued that the lack of observed misaligned planets is representative of nature.
In support of this view, the BEBOP radial-velocity survey for circumbinary planets has
constrained the distribution of CBP inclinations to be < 10 (Martin et al. 2019). However,
misaligned planets may be more likely around wider binaries with orbital periods ranging
from 30

105 days (Czekala et al. 2019).
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The standard model of the late stage of terrestrial planet formation refers to in situ
planet growth in a gas free environment via core accretion (Artymowicz 1987; Lissauer
1993; Pollack et al. 1996). It is still debated whether planets form in the presence of gas
and experience inward migration to their observed orbital periods or, if planets form in situ
(Bromley & Kenyon 2015; Penzlin et al. 2020). Each scenario has its own barriers. If
coplanar CBPs form in the presence of gas, they may migrate through a series of unstable
resonant locations that is likely to lead to ejection for small planets in highly turbulent disks
(Martin & Fitzmaurice 2022). The resonance strength decreases with inclination relative
to the binary (Lubow & Martin 2018a). Previous studies have shown that in the absence
of gas, CBPs may form in situ from a coplanar particle disk (Quintana & Lissauer 2006b;
Childs & Martin 2021b) or from a polar particle disk (Childs & Martin 2021a). However,
there remain uncertainties over how planetesimals are able to form in situ.
In this letter, for the first time, we investigate the late stage of in situ terrestrial planet
formation in a disk that is highly misaligned to one of these two stationary states. Zhang
et al. (2018) found that terrestrial planets in an initially misaligned particle disk around
one component of a binary can form preferentially coplanar, depending on the binary separation. We use n-body simulations to model the late stage of terrestrial planet formation
around circular and eccentric binaries in an initially highly misaligned circumbinary disk.
In Section 2 we discuss the setup of our simulations. In Section 3 we present our results,
and in Section 4 we conclude with a summary of our findings.
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Simulations
In this section we describe our simulations of the late stage of terrestrial CBP formation
around a misaligned binary star. We use the n-body code REBOUND and high precision
integrator IAS15 (Rein & Liu 2012; Rein & Spiegel 2015).
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Table 4.1: Each row describes the model name, binary eccentricity (eb ), initial inclination (ib0 ), and initial particle surface density
fit (⌃) (from Figure 2 in Childs & Martin 2021a). Columns 5-14 show the average values and standard deviations for the terrestrial
planet multiplicity (#), planet mass (Mp ), semi-major axis (ap ), eccentricity (e) and misalignment (ib for C30 and C60 and ie for
P60) after 7 Myr of integration time. The two sets of statistics consider bodies with a mass Mp
0.1 M and bodies with mass
Mp 1.0 M . The last column shows the total mass ejected (Me ) normalized by the initial disk mass (Md ).
Model
C30
C60
P60
C30JS
C60JS
P60JS

eb
0.0
0.0
0.8
0.0
0.0
0.8

ib0
⌃
#
30.0 CC 4.8 ± 1.3
60.0 CC 1.5 ± 0.9
60.0 EP 3.7 ± 1.0
30.0 CC 2.0 ± 0.7
60.0 CC 0.3 ± 0.5
60.0 EP 1.1 ± 0.8

Mp /M
0.9 ± 0.8
0.3 ± 0.2
1.1 ± 0.9
1.5 ± 1.0
0.2 ± 0.2
1.1 ± 0.6

Mp /M
0.1
ap /au
e
2.6 ± 0.8 0.07 ± 0.06
2.4 ± 0.7 0.16 ± 0.10
2.5 ± 0.7 0.07 ± 0.04
2.0 ± 0.5 0.08 ± 0.06
2.5 ± 3.4 0.15 ± 0.09
2.0 ± 0.3 0.08 ± 0.04

ie/b
#
12.6 ± 8.1 1.9 ± 0.5
51.5 ± 5.5 0.02 ± 0.13
13.4 ± 8.6 1.8 ± 0.5
9.0 ± 5.8
1.2 ± 0.4
53.4 ± 7.6 0.0 ± 0.0
11.1 ± 6.6
0.7± 0.5
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Mp /M
1.0
Mp /M
ap /au
e
1.8 ± 0.5 2.2 ± 0.3 0.06 ± 0.03
1.1 ± 0.0 1.5 ± 0.0 0.02 ± 0.0
1.9 ± 0.5 2.3 ± 0.4 0.06 ± 0.04
2.2 ± 0.6 2.0 ± 0.2 0.07±0.05
1.6± 0.3 1.9 ± 0.1 0.08 ± 0.04

ie/b
6.9 ± 2.9
44.7 ± 0.0
7.0 ± 3.3
6.9± 3.4
8.8 ± 4.6

Me /Md
0.06 ± 0.02
0.84 ± 0.07
0.13 ± 0.05
0.38 ± 0.09
0.96 ± 0.03
0.73 ± 0.16

Initial particle disk
The binary stars have equal masses M1 = M2 = 0.5 M , where the total mass is
M = 1.0 M . The semi-major axis is ab = 0.5 au and we consider two different binary
eccentricities of eb = 0.0 and eb = 0.8. Initially we incline the binary orbital plane relative
to the particle disk by inclination angle ib0 . We consider two different initial inclinations
for the circular orbit binary of ib0 = 30 (C30) and ib0 = 60 (C60) and one inclination for
the eccentric binary of ib0 = 60 (P60).
The particle disk begins with 260 Moon-sized planetesimals and 26 Mars-sized embryos on nearly circular and coplanar orbits which marks the onset of the late stage of
terrestrial planet formation (Weidenschilling 1977a; Rafikov 2003). This mass distribution is successful at reproducing the masses of the solar system terrestrial planets and so
it is commonly used in n-body simulations of terrestrial planet formation (Kokubo & Ida
1996b; Quintana & Lissauer 2014; Childs et al. 2019a). Circumbinary disks may have
difficulty growing planetesimals in the inner regions due to tidal forces from the binary
which inhibit pebble accretion and in situ planetesimal formation (Moriwaki & Nakagawa
2004; Scholl et al. 2007; Marzari et al. 2013; Rafikov & Silsbee 2015; Paardekooper et al.
2012). Planetesimals experience high relative velocities in the inner disk and are more
likely to fragment than accrete one another. However, if fragmentation is accounted for,
second generation planetesimals may be able to grow from the fragments and kilometersized plantesimals may grow by two orders of magnitude in size (Paardekooper & Leinhardt 2010). These problems may not be so severe in an misaligned or polar disc where the
tidal forces are weaker (Lubow & Martin 2018a). If the barriers of planetesimal formation
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Figure 4.1: Particle misalignments (left) and nodal phase angles (right) as a function of
semi-major axis at a time of 100 Kyr of integration time with no expansion factor in the
systems without Jupiter and Saturn. The size and color of the points are correlated to the
body mass. There is not much change to the body masses (which begin at either ⇡ 0.1 M
or ⇡ 0.01 M ) or inclinations at this time.
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are able to be overcome, we expect that the early mass distributions for terrestrial planet
formation will be similar to the circumstellar case.
All particle eccentricities are uniformly distributed in the range (0.0,0.01) and begin on
nearly coplanar orbits with inclinations uniformly distributed between (0 , 1 ). The longitude of ascending node, argument of pericenter, and true anomaly are uniformly distributed
between 0 and 360 . All the particles are spherical and are given an initial density of
3 g cm 3 .
The particles are initially distributed between semi-major axes of ap = 1

4 au. The

surface density profiles (⌃) we use for each particle disk setup are motivated by Smooth
Particle Hydrodynamic (SPH) gas disk simulations around an equal mass binary. The SPH
data and analytic fits used for ⌃ may be seen in Figure 2 in Childs & Martin (2021a).
The surface density profiles are for a steady state gas disk around a circular coplanar (CC)
and an eccentric polar (EP) binary. If solid bodies grow quickly in a gas disk, planetdisk interactions can alter the distribution of the solid bodies. If the bodies do not grow
substantially large in the gas disk and the gas disk dissipates quickly, the gas profile is
representative of the starting distributions for the late stage of terrestrial planet formation.
The gas disk dissipation timescale may be as short as 100 Kyr in circumstellar disks where
photoevaporation is efficient (Clarke et al. 2001). Circumbinary disks are expected to have
a similarly short dissipation timescale (Alexander 2012; Owen et al. 2012).
Table 4.1 lists the binary parameters and the associated model name for each setup. To
understand the effects of giant planets on terrestrial planet formation in misaligned disks,
we add Jupiter and Saturn at their current mass and orbit in half of our simulations. Runs
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that include Jupiter and Saturn have a “JS” in the model name. Each model has 50 runs
where the random seed number, for assigning the randomly chosen orbital elements of the
particles, is changed in each run. We integrate each run for a total time of 7 Myr.

Analysis of the particle orbits
We analyze the orbits of the bodies in the frame of the binary. We define rb as the
instantaneous position vector of the binary, eb as the instantaneous eccentricity vector of
the binary, lb as the instantaneous angular momentum vector of the binary, and lp as the
instantaneous angular momentum vector of the particle relative to the binary.
For a circular orbit binary (models C30 and C60), the misalignment is the inclination
of the particle orbit relative to the binary angular momentum vector given by

ib = cos 1 (l̂b · l̂p ),

(4.1)

whereˆdenotes a unit vector, and the nodal phase angle of the particle is calculated with

b

= tan

1

l̂p · (l̂b ⇥ r̂b )
l̂p · r̂b

!

+

⇡
.
2

(4.2)

For the systems around an eccentric binary (P60), we calculate the misalignment as the
inclination of a particle orbit relative to the binary eccentricity vector with

ie = cos 1 (êb · l̂p ),
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(4.3)

and the nodal phase angle of the particle with

e

= tan

1

l̂p · (l̂b ⇥ êb )
l̂p · êb

!

+

⇡
2

(4.4)

(Chen et al. 2019b).

Nodal precession
A test particle that is coplanar (ib = 0 ) to a binary orbit or polar to an eccentric orbit
binary (ib = 90 and

e

= 90 or alternatively ie = 0 ) is in a stationary orbit (Farago &

Laskar 2010; Chen et al. 2019b). A particle that is at any other inclination is misaligned
and undergoes nodal preccesion due to the gravitational torque from the binary.
The nodal precession of a circumbinary particle undergoes either circulation or libration (Doolin & Blundell 2011). In a circulating orbit, the angular momentum vector of
the particle precesses around the binary angular momentum vector and the ascending node
circulates over 360 . Around a circular orbit binary, the particle always circulates. In a
librating orbit, the angular momentum vector of the particle precesses about the binary
eccentricity vector and the ascending node oscillates over only a limited range of angles.
Around an eccentric binary, a particle can librate or circulate depending on its initial inclination and the eccentricity of the binary. The critical inclination that separates the librating
and circulating orbits for a test particles is

icrit = sin

1

s
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1 e2b
1 + 4e2b

(4.5)

(Farago & Laskar 2010). The critical inclination for a binary with eb = 0.8 is icrit = 18.5 .
The initial misalignment we consider around the eccentric binary is above this critical angle
and therefore the particles are all in librating orbits initially in model P60.
The nodal precession frequency for a particle at radius ap is given by

3 M1 M2
!= k
4 M2

✓

ab
ap

◆7/2

⌦b ,

(4.6)

where the angular frequency of the binary is

⌦b =

s

GM
.
a3b

(4.7)

If the particle is close to a polar alignment, it precesses about the binary eccentricity vector
with
q
k = 3 5eb 1 + 4e2b
p

(4.8)

(Farago & Laskar 2010; Lubow & Martin 2018a). If the particle is close to coplanar, it
precesses about the binary angular momentum vector with

k=

q
1 + 3e2b

4e4b

(4.9)

(Smallwood et al. 2019a). The precession period associated with each nodal precession
frequency is
P =

2⇡
.
!
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(4.10)

Figure 4.2: Particle and binary orbits of C30 (upper panels, circular orbit binary with ib0 =
30 ) and P60 (lower panels, eccentric orbit binary with ib0 = 60 ) at three different times:
t = 0, 100 Kyr, and 7 Myr. The binary is shown with black stars and its orbit is shown
edge on.
The precession period at the outer edge of our particle disk, r = 4 au, is ⇠ 0.8 Kyr around
the eccentric binary (for P60) and ⇠ 2.7 Kyr around the circular binary (for C30 and C60).

Expansion factor
We use the non-symplectic integrator IAS15 in order to accurately simulate the motion
of the binary and its effects on the circumbinary disk. This integrator utilizes an adaptive time step that is highly precise but comes at a large CPU cost. In order to reduce the
computation time, we make use of an expansion factor (Kokubo & Ida 1996b; Kokubo &
Ida 2002). After an initial relaxation time of 100 Kyr (well in excess of the nodal precession timescales for all particles), we artificially inflate the radii of the particles by a factor
f = 25. Doing so decreases the collision time which, when collisions are modeled as
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only perfect mergers, quickly decreases the number of bodies in the system and reduces
the computation time. Although a large expansion factor may lead to somewhat different
system architectures, the general planet formation trends that emerge are similar to those
found in simulations with lower values of f (Childs & Martin 2021b; Childs & Steffen
2022a).
Fig. 4.1 displays the particle inclinations and nodal phase angles at a time of 100 Kyr for
all systems without giant planets. We find similar distributions in our systems with giant
planets at 100 Kyr although some of the particles close to the giant planets are already
ejected. At this time, the particles have become randomized in their nodal phase angle with
inclinations that remain mostly unchanged from their initial values. The bodies remain
highly inclined since they have not yet interacted with one another. The particles around
the circular orbit binary are in circulating orbits and so their nodal phase angles range from
0

360 while the particles around the eccentric binary are in librating orbits and so their

nodal phase angles have a limited range of values centered on

e

= 90 . There is little

evolution of the particle semi-major axes and inclinations within the first 100 Kyr. As a
result, there is only one collision in the C60 system where a planetesimal merged with an
embryo. Besides this one embryo, the particle masses have not changed from their original
masses within this time.
We note that our initial condition of a flat but tilted particle disk with no gas is somewhat idealised. The particles may be aligned to the gas disk while it is massive, but as it
dissipates, particles may evolve separately to the gas. Given that very few collisions have
occured in the first 100 Kyr of evolution with f = 1, we see that the collision timescale
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for the particles is much longer than the gas disk dissipation timescale. Therefore even
if different parts of the disc disperse at different times, we do not expect this to change
our results significantly because there will be very few collisions during the period of time
where there is a partial gas disk. Understanding the effects of the partial gas disk on the
solid bodies is outside of the scope of this paper, but these effects are likely secondary to
gravitational interactions and we do not expect it to significantly affect the final planetary
system.
Fig. 4.2 shows the particle and binary orbits for an example simulation in the C30
and P60 cases. The left panels show the initially flat but tilted particle disk. The binary
eccentricity vector is in the x-direction. The middle panels show the disk at a time of
100 Kyr after evolution with f = 1. The particle disk forms a thick annulus as the nodal
phase angles have become randomly distributed but the inclinations remain constant. After
this initial phase of evolution, we then employ an expansion factor of f = 25 of the particle
radii and continue integrating the systems for 7 Myr total of simulation time. We describe
the outcomes of these simulations in the next section and show an example of the final
systems in the rightmost panels of Fig. 4.2.

Results
In columns 5-16 in Table 4.1 we list the results of the simulations at time t = 7 Myr.
We list the average values for the planet multiplicity (#), planet mass (Mp ), semi-major
axis (ap ), eccentricity (e), and inclination (i ). We consider two mass ranges, the first is for
bodies with Mp

0.1 M The second is for bodies with Mp
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1.0 M . The error bars

Figure 4.3: Misalignment (left panels, ib for C30 and C60 and ie for P60) and eccentricity
(right panels) versus semi-major axis for all the remaining bodies at time t = 7 Myr. The
size and color of the points are correlated to the body mass.
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represent the standard deviation. The last column shows the mass ejected from the system
(Me ) normalized by the initial particle disk mass (Md ). Fig. 4.3 shows the misalignment
versus semi-major axis on the left and eccentricity versus semi-major axis on the right, for
all the bodies, across all 50 runs, at 7 Myr in a given system.
The C30 and P60 systems are both initially misaligned by 30 to a stationary alignment and they form very similar planetary systems with a relatively small fraction of the
mass ejected. The average inclination of the planets that form are . 10 from coplanar
(C30) or polar (P60). Therefore, planets that form from a misaligned circumbinary disk,
preferentially form either close to coplanar or close to polar.
The more massive a terrestrial planet is, the more mergers that have taken place during
its formation and the less misaligned it is on average. This is because collisions between
bodies with random nodal phase angles lead to a decrease in the average inclination of the
bodies. Fig. 4.3 shows that in C30 and P60, the misalignment increases with separation
while the planet size first increases then decreases. The planets close in remain small
because of the low surface density there. Farther out, the particles are more widely spaced
and the collision timescale is longer. There hasn’t been enough time yet for these outer
bodies to merge into planets. The most misaligned bodies left in these systems are the
planetesimals and embryos that did not interact with the other bodies and they remain at
their initial inclination.
The C60 system (that is inclined by 60 to a stationary alignment) loses 84% of the
disk mass through ejections, which completely inhibits planet growth. In all simulations,
mass ejection dominates stellar collision (see also Smullen et al. 2016). The high mutual
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inclinations between the bodies in C60 leads to very high relative velocities. Mass ejections
generally take place shortly after a merger. As a result, 90% of the collisions in the C60
runs result in high energy impacts that place the post-collision body on a hyperbolic orbit.
These systems are also the only systems to lose mass to the binary. We extended the C60
runs to 20 Myr and found that ⇠ 50% of the bodies remaining at 7 Myr are ejected from the
system by this time. We expect similar results to C60 if we were to consider a disk inclined
by ib0 = 30 around the eccentric binary since the orbits would be librating and misaligned
by 60 to the stationary polar inclination.
Our use of an expansion factor may lead to lower particle eccentricities since bodies
can merge before their orbits have time to grow to more excited states. If the particles
were allowed to grow to higher eccentricity, we would expect higher mass loss rates. Large
mutual inclinations between particles also cause high relative velocities in our simulations.
Because we ran the simulations initially with f = 1, the mutual inclinations are not affected
by our large expansion factor.
When giant planets are added to a system, they further destabilize regions in space
which leads to higher ejection rates. However, the perturbations from the exterior giant
planets also leads to higher collision rates between the inner terrestrial bodies. As a result,
we observe fewer but more massive planets in all the systems with Jupiter and Saturn. We
also observe that the terrestrial planets form closer-in to the binary with generally, more
eccentric and less misaligned planets.
The giant planets undergo inclination oscillations in all systems, as a result of planetplanet interactions around the circular orbit binary and both planet-planet and planet-binary
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interactions around the eccentric binary (Chen et al. 2022). Jupiter is able to remain highly
inclined in all systems, except in one run in C60JS . After undergoing large oscillations,
Saturn is ejected from all C60JS runs, around 2 Myr. Saturn is ejected from 26% of the
P60JS runs. No giant planets are ejected from any of the C30JS runs.

Summary
We have explored the formation of terrestrial planets from a circumbinary particle disk
that is misaligned relative to the binary orbital plane. We consider the late stage of planet
formation where planets form in situ, via core accretion, immediately after the dissipation
of a misaligned gas disk. Despite the initial disk inclination, we found that if terrestrial
planets form, they are close to coplanar to a circular binary and close to coplanar or polar
to an eccentric binary depending on the initial disk inclination and the binary eccentricity.
The more massive a terrestrial planet is, the less misaligned it will be (from coplanar or
polar) as it has undergone more mergers that reduce the average inclination. However, if
the initial particle disk misalignment is too high, particles can have high relative velocities
which lead to particle-particle scattering that inhibits planet formation. Small bodies may
survive closer in to the binary but the more massive terrestrial planets are found further
out where the surface density is higher and collisions are more likely to take place. In the
future, if Earth-sized terrestrial CBPs are observed in small orbits, close to the stability
limit, we suggest that they may have migrated there.
Our findings show that core accretion in the late stage of terrestrial planet formation
is only able to produce coplanar or polar terrestrial CBPs in the absence of gas. If highly
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misaligned terrestrial CBPs are observed in the future, we suggest that they cannot have
formed in this way. One possibility for their formation is in a misaligned circumbinary
gas disk. In this scenario, the planet may remain coplanar to the gas disk as it undergoes
nodal precession. This requires the planet mass to be sufficiently small that it does not
open a gap in the gas disk. Once a gap is opened in a circumbinary disk, planet-disk
interactions may lead to lower levels of misalignment (Pierens & Nelson 2018). Planetplanet interactions could help maintain the misalignment after gas dissipation (Chen et al.
2022) although for very close binaries, stellar tides may realign a highly inclined planet
on Gyr timescales (Correia et al. 2016). Our simulations including giant planets show that
misaligned exterior giant planets do not have a significant effect on the orbits of the inner
aligned terrestrial planets.
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CHAPTER 5

COLLISIONAL FRAGMENTATION AND COMPOSITION TRACKING
Introduction
The late stage of planet formation is characterised by high-energy collisions of Moon
to Mars-sized bodies (Weidenschilling 1977c; Righter & O’Brien 2011; Rafikov 2003).
Bodies of this size are held together primarily by self-gravity and their mutual collisions
are gravity dominated. Although many of the giant impacts during this stage of planet formation will result in fragments, most n-body studies assume perfectly inelastic collisions,
neglecting the effects of fragmentation (Chambers & Wetherill 1998; Agnor et al. 1999;
Chambers 2001a; Raymond et al. 2004; 2009; O’Brien et al. 2006; Morishima et al. 2010).
Simple collision models are often used because they require less computation time than
a model that includes fragmentation. N -body run times depend on the number of particles being tracked. A simple collision model that only allows inelastic collisions ensures
that the number of bodies decreases with time. However, a collision model that accounts
for fragmentation can increase the number of bodies, and thus increase the run time and
computation cost of the simulation. Although accurately modeling collisions and allowing
for fragments to interact with the rest of the system increases the run time, it allows for
a more complex, realistic simulation that may be necessary to constrain the final physical
properties of a planet.
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To improve upon a simple collision model, various smooth particle hydrodynamic
(SPH) studies have been conducted to understand the collision outcomes between highvelocity planetary bodies (Leinhardt & Stewart 2011a;b; Gabriel et al. 2020). These studies
provide semi-analytic models that may be incorporated into n-body codes to more accurately model collision outcomes. The semi-analytic collision models of Leinhardt & Stewart (2011a) have been incorporated into Mercury (Chambers 2013). Using this version of
Mercury with fragmentation, Quintana et al. (2016) show that fragmentation does not significantly affect the multiplicity, masses and orbital elements in the final planetary system.
However, they found that fragmentation will increase the timescale for planet formation and
change a planet’s collision history. Kokubo & Genda (2010) reached similar conclusions
in a study modeling fragmentation. Because previous work concluded that fragmentation
does not significantly affect the final architecture of the planetary system, the importance
of fragmentation in n-body studies has often been dismissed. However, Emsenhuber et al.
(2020) recently overturned these conclusions by showing fragmentation can profoundly alter the final planetary system by producing a greater diversity of planet sizes (although their
model did not account for the re-accretion of debris).
REBOUND is an open-source n-body code that is quickly becoming a standard for nbody problems in astronomy (Rein & Liu 2012). The framework of REBOUND permits
users to contribute their own modules with relative ease. This allows REBOUND to handle various problems with up-to-date physics models. We introduce a new fragmentation
module for REBOUND. We implement a realistic collision model into this module based
on Leinhardt & Stewart (2011a). We compare our fragmentation code in REBOUND to
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the fragmentation code in Mercury. We also present a post-processing code REBOUND
which tracks how the composition of bodies with homogeneous compositions changes as
they collide with one another to form planets. As planetesimals and embryos of differing
composition collide to build planets there will be an exchange of mass that determines the
final composition of the planet (Moriarty et al. 2014).
We show an example of our codes where we examine how volatile delivery to the inner
solar system is affected when fragmentation is accounted for. Earth is considered a “dry”
planet but it is the wettest of the terrestrial planets with ⇠ 0.05

0.1% of its mass being

water (Lécuyer et al. 1998; Marty 2012). It is theorized that Earth’s water was delivered at a
later stage of planet formation by wet carbonaceous chondrites from the outer asteroid belt
(2.5

4 au) (Morbidelli et al. 2000). Previous n-body studies, using only perfect accretion,

examine how water is delivered to and accreted by the terrestrial planets of the solar system
(Raymond et al. 2004; 2006). Using the initial water distribution in Raymond et al. (2006),
we use our two new codes to study how water delivery to the terrestrial planets is affected
when fragmentation is considered.
In order to reduce computation time, some n-body studies employ an expansion factor f
that expands the initial particle radii by some value (Leinhardt & Richardson 2005; Bonsor
et al. 2015; Carter et al. 2015). The use of an expansion factor was shown by Kokubo & Ida
(1996a; 2002) to not have a significant effect on the evolution of planets other than reducing
the timescale of planet formation provided that the velocity dispersion of the bodies is not
dominated by gravitational scattering. While some of these studies include the effects of
fragmentation, only expansion factors up to f = 6 that also model fragmentation have been
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used. In an effort to characterise the effects of an expansion factor with our fragmentation
code we study how the magnitude of the expansion factor affects the final planetary system
architecture, the collision history, and volatile delivery into the inner terrestrial region.
We outline our fragmentation model and compare our fragmentation results in REBOUND to fragmentation results in Mercury. Next, we show how expansion factors affect
the final planetary system and collision history when fragmentation is modeled. Then we
present our module for tracking the bulk composition of terrestrial planets and show how
volatile delivery to the inner solar system is affected by fragmentation and by different expansion factors. In our final section we summarise our findings. Our fragmentation and
composition tracking codes are made publicly available to be used for future astrophysical
studies with REBOUND.

Collisional fragmentation
Our fragmentation model for REBOUND is based on the work of Leinhardt & Stewart
(2011a), Asphaug (2010), and Genda et al. (2012), and closely follows the implementation
methods of Chambers (2013). Leinhardt & Stewart (2011a) prescribe collision outcomes
for a range of impact velocities and impact parameters of a collision. Asphaug (2010) and
Genda et al. (2012) refines this prescription for the subset of possible collision outcomes
known as grazing impacts. We compare our model in REBOUND to the fragmentation
model written by Chambers (2013) for the n-body code Mercury, whose fragmentation
model is also based on the work of Leinhardt & Stewart (2011a); Asphaug (2010); Genda
et al. (2012). We extend on previous work and allow for bodies to have different densities.
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Figure 5.1: 2-D illustrations of the various collision outcomes allowed in our fragmentation
code. For each collision outcome listed, the image on the left depicts the pre-collision
geometry and the image on the right depicts the post-collision geometry. The velocity
vector and mass for each body is also shown.
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If the target and projectile remain in the system after a collision, their pre-collision densities
are maintained regardless of any mass exchange. If any fragments are produced, they are
assigned the density of the target.
Our fragmentation model is written in C and is designed to work with REBOUND. It
may be easily updated as more accurate collision models become available. In this section we present the fragmentation model, the setup of our n-body simulations, and our
comparative results.

Fragmentation model
REBOUND offers several collision detection modules. We test our code using the
“direct detection” module which checks for overlaps of particle radii between every particle
pair at every time step. However, regardless of the collision detection module chosen, in a
system with n non-zero mass particles with a non-zero radii, a collision is detected at the
time when the physical radii of two bodies come into contact. Since this criteria must be
met for a collision, we expect our fragmentation code to be compatible with all the collision
detection modules in REBOUND.
The more massive of the two bodies is labeled the target with mass Mt and radius
Rt , and the other body is labeled the projectile with mass Mp and radius Rp . To resolve a
collision, we first find the impact velocity, vi , and impact parameter, b. The impact velocity,
which follows from orbital energy conservation, is
r
vi = vrel 2

2GMtot (
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1
xrel

1
),
Rtot

(5.1)

where vrel is the relative velocity between the two bodies, G is the gravitational constant,
Rtot is the sum of the target and projectile radii, and xrel is the distance between the two
centers of the bodies.
The impact angle, ✓, is the angle between the line connecting the centers of the two
bodies and their relative velocity vector at the time of the collision. The impact parameter,
b, is the distance between the two centers and is projected perpendicular to the impact
velocity vector,
b = Rtot sin✓ =

|h|
,
vi

(5.2)

where h is the angular momentum vector of the colliding bodies. The collision geometry
for the parameters vi and b may be seen in Figure 2 of Leinhardt & Stewart (2011a).

Perfect merging
The mutual escape velocity of the colliding system is given by

vesc =

p
2GMtot /Rtot .

(5.3)

Regardless of impact parameter, if the impact velocity of the collision is less than or equal
to the mutual escape velocity of the two bodies the collision results in a perfect merger. A
perfect merger is modeled in the same manner as an inelastic collision where the collision
results in one body and mass and momentum are conserved. The projectile is merged into
the target, thus removing the projectile from the simulation.
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Partial and super-catastrophic erosion of the target
In all other collision scenarios, the impact velocity will be greater than the mutual escape
velocity and the collision is resolved as a function of b and the mass of the largest postcollision body, Mlr . Mlr is the largest remnant to survive a collision and is found with
✓

◆

Mlr = Mtot 1

Q
2Q0

✓

◆

(5.4)

,

0

if Q/Q > 1.8. Otherwise,

Mlr = 0.1Mtot

Q
1.8Q0

3/2

,

(5.5)

where Q is the center of mass specific impact energy given by

Q=

µvi2
,
2Mtot

(5.6)

and µ is the reduced mass, Mt Mp /Mtot . This relationship is derived empirically from
(Stewart & Leinhardt 2009).
The catastrophic disruption threshold is the energy required to disperse half of the total
mass in a collision and is defined as

0

0

Q = Q0 = 0.8c⇤ ⇡⇢1 GR12

(5.7)

for head-on (b = 0) collisions of equal sized bodies. c⇤ is a dimensionless material param89

eter that represents the offset between the gravitational binding energy and the catastrophic
disruption threshold for impact energy. For terrestrial planetary bodies, which are used in
this study, c⇤ = 1.8. R1 is the combined radius of the bodies with an assumed density of
⇢1 ⌘ 1000 kg m 3 .
If the collision has b > 0 or involves bodies of different mass, the catastrophic disruption threshold is more generally defined as

0

0

Q = Q0

where

✓

(1 + )2
4

◆✓

µ
µ↵

◆3/2

(5.8)

= Mp /Mt and µ↵ is the reduced mass for the fraction ↵ that is involved in the

collision,
3Rp l2 l3
↵⌘
4Rp3
with l = Rtot (1

(5.9)

sin✓) and
µ↵ =

↵Mp Mt
.
Mt + ↵Mp

(5.10)

The largest post-collision body is assigned the mass Mlr and is placed at the center of
mass (at the time of the collision) position and velocity. If Mlr < Mt then partial erosion of
the target will take place. The remaining mass, Mr = Mtot

Mlr , is broken up into equal

sized fragments. The number of fragments, Nfrag , made in the collision is given by

Nfrag

Mr
=
Mmin

⌫

(5.11)

where Mmin is the minimum fragment mass defined by the user. The fragment mass is
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then Mr /Nfrag . The fragments are uniformly placed in a circle in the collision plane at an
equal distance from the center of mass and given an initial velocity of 1.1vesc . The collision
plane is defined by the the line connecting the centers of the bodies and the impact velocity
vector. Velocities and positions of the resulting bodies are then adjusted to conserve momentum. The geometric distribution of the fragments is shown in Figure 5.1. Assigning
the fragments a velocity of 1.1vesc is likely an underestimate of the true fragment velocity,
which may artificially dampen the dynamical state of the system. The geometry and velocity of the post-collision remnants is a somewhat arbitrary choice in Chambers (2013),
but we adopt these same choices in our code so that we may make a direct comparison
between the two fragmentation codes. However, our code allows for the user to change
these distributions with relative ease as more accurate models for geometric and velocity
distributions of the post-collision fragments become available.
If Mlr  0.1Mt , the collision is referred to as a super-catastrophic collision. If the
remaining mass from a collision that erodes the target is less than Mmin then the collision
results in an effective merger, where the outcome is the same as in the case of a perfect
merger.

Grazing impacts
If b

bcrit , the collision is defined as a grazing impact and multiple collision outcomes are

possible. Following Asphaug (2010),

bcrit = Rt ,
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(5.12)

and in addition to partial erosion of the target as discussed above, a grazing impact may
also result in a graze-and-merge, a hit-and-run, or an elastic bounce. A graze-and-merge
event happens when a grazing impact results in fragments whose velocity will be less than
the escape velocity of the original system. As a result, the fragments are re-accreted by the
target and the result is that of a perfect merger. Genda et al. (2012) defined the criteria for
a graze-and-merge as vi  vcr where
⇥
vcr = vesc c1 (1

sin✓)5/2 + c2 + c3 (1

=

✓

1
1+

◆2

⇤
sin✓)5/2 + c4 ,

(5.13)

(5.14)

,

and
c1 = 2.43, c2 =

0.0408, c3 = 1.86 and c4 = 1.08.

(5.15)

Unlike the fragmentation code developed by Chambers (2013), our model allows for
partial accretion of the projectile by the target. If Mlr

Mt then the target is assigned the

mass of Mlr and the remaining projectile mass is partitioned into fragments. In the more
specific instance where a grazing impact takes place, vi > vcr and Mlr

Mt , then the col-

lision is defined as a hit-and-run. The target is assigned the Mlr and the mass of the largest
remnant for the projectile, or the second largest remnant Mslr , must be calculated. The
process for doing so is similar to calculating the mass of the largest remnant as described
above, however the roles of the target and projectile are switched as we now consider the
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reverse impact. The center of mass specific impact energy is now given by

Q=

µvi2
2( Mt + Mp )

(5.16)

M t Mp
M t + Mp

(5.17)

where
µ=
and

is the fraction of the target that would intersect the projectile in a head-on collision.

The critical value, Q0 , for the reverse impact is

0

Q =



( + 1)2
Q00 ,
4

(5.18)

Mt
,
Mp

=

(5.19)

and Q00 is defined the same way as before.
The mass of the largest remnant of the projectile is then
⇣
Mslr = ( Mt + Mp ) 1
= 0.1( Mt + Mp )
If Mp

Q
2Q0

⇣

Q
1.8Q0

⌘
⌘

Q < 1.8Q0
(5.20)
1.5

Q

1.8Q0 .

Mslr < Mmin , then the projectile is assigned its initial mass and an elastic bounce

takes place.
Figure 5.1 depicts the pre-collision and post-collision geometry for the different types
of collisions allowed in our code. A summary of collision outcomes as a function of impact
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Table 5.1: Collision outcomes as a function of impact parameter, b, impact velocity, vi , and
the post-collision remnant masses.

Collision outcome
Perfect merger
Effective merger
Graze-and-merge
Partial erosion of target
Elastic bounce
Partial accretion by target
Hit-and-run
Super-catastrophic

b
all
all
bcrit
all
bcrit
all
bcrit
all

vi
Mass constraints
 vesc
> vesc Mtot Mlr < Mmin
 vcrit
> vesc
Mlr < Mt
> vcrit Mp Mslr < Mmin
> vesc
Mlr > Mt
> vcrit Mslr < Mp , Mlr Mt
> vesc
Mlr  0.1Mt

parameter and velocity is given in Table 5.1.

Comparison setup
We simulate the late stage of planet formation and compare our results in REBOUND
to the results of Chambers (2013) fragmentation model in Mercury. Both codes use the
same starting disks and initial conditions unless otherwise stated.
We adopt a disk of small planetesimals and larger planetary embryos from Chambers
(2001b), which successfully reproduces the broad characteristics of the solar system’s terrestrial planets. This bimodal mass distribution marks the epoch of planet formation which
is dominated by purely gravitational collisions in which our fragmentation model is valid
(Kokubo & Ida 2000). This disk has also been used in other studies of the solar system (Quintana et al. 2016; Childs et al. 2019b). Our disk contains 26 embryos (Marssized, r = 0.56R ; m = 0.093M ), and 260 planetesimals (Moon-sized, r = 0.26R ;
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Figure 5.2: Cumulative distribution functions (CDF) for the impact parameters (top panel)
and impact velocities (middle panel) for all the collisions in each n-body code after 5 Myr
of integration time. We perform a two-sample KS-test and report the p-values. The large
p-values indicate that the data are consistent with being drawn from the same distributions
and the two n-body codes are producing similar collisions. REBOUND returns one outlier,
a collision between two planetesimals with vi/vesc > 25. In the bottom panel we show
the CDF of the impact angles (✓) in REBOUND and the expected CDF fit, Fit F, from
Shoemaker (1961).
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m = 0.0093M ) yielding a total disk mass of 4.85 M . The minimum fragment mass is
set to half the mass of a planetesimal, Mmin = 0.0047M . The disk has no gas. All masses
have a uniform density of 3 g cm 3 . The surface density distribution, ⌃, of the planetesimals and embryos follows ⌃ ⇠ r

3/2

, the estimated surface density distribution of Solar

Nebula models (Weidenschilling 1977c). The masses are distributed between 0.35 au and
4.0 au from a Sun-like star.
The eccentricities and inclinations for each body are drawn from a uniform distribution
of e < 0.01 and i < 1 . The argument of periastron (!), mean anomaly (M ), and longitude of ascending node (⌦) are chosen at random from a uniform distribution between
0 and 360 . The random generator seed is changed in each run to provide variation in
the distribution of these orbital elements for all the bodies in REBOUND. In Mercury,
an initial disk is generated with the same distributions mentioned above and the orbital
elements of one planetesimal are chosen randomly in each run to provide variation between the runs. We include Saturn with m = 95.1 M , a = 9.54309 au, e = 0.052519,
i = 0.8892 , ⌦ = 90 , ! = 324.5263 , and M = 256.9188 . We include Jupiter with
m = 317.7 M , a = 5.20349 au, e = 0.048381, i = 0.3650 , ⌦ = 0.0 , ! = 68.3155 ,
and M = 227.0537 .
We use the hybrid integrator available in each n-body code. In REBOUND the integrator Mercurius is used. It is a hybrid of the symplectic WHFast integrator and the
non-symplectic IAS15 integrator (Rein et al. 2019). In Mercury, the integrator used is a
hybrid of a second-order mixed-variable symplectic and Bulirsch-Stoer integrator (Chambers 1999). We choose initial time-steps of six days, which is
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1
10

of the inner-most orbit.

Figure 5.3: Collision outcomes as a function of impact parameter and impact velocity
in both REBOUND and Mercury. Collisions that occur in the same parameter space are
resolved in the same manner by both codes.
40 runs are performed with each n-body code and each run is integrated for 5 Myr. We
note that while we are using hybrid integrators in both n-body codes, the integrators are
different and will contribute different numerical effects to the n-body results.

Comparison results
Because the most important parameters in determining the outcome of a collision is the
impact velocity, vi , and the impact parameter, b, we first consider the distribution of these
two parameters in Figure 5.2. In the top panel we show the cumulative distribution function
(CDF) for b/bcrit and in the middle panel we show the CDF for vi /vesc for all the collisions
in both n-body codes. We perform a two-sample KS-test for each parameter. The p-value
for b/bcrit is 0.82 and the p-value for vi /vesc is 0.35. By assuming that a p-value > 0.10
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implies that we can not reject the null hypothesis, that both set are drawn from the same
distribution, we conclude that REBOUND and Mercury are producing the same kinds of
collisions. We observe a high velocity impact for one collision between two planetesimals
in REBOUND, such that vi /vesc > 25, but determine this is an insignificant outlier in the
data. We also check that the impact angles, ✓, are consistent with the expected distribution dP / cos(✓)sin(✓)d✓, the cumulative distribution of which is F= (1

cos(2✓))/2,

from Shoemaker (1961). We show the CDF of ✓ in REBOUND as well as the fit F in the
bottom panel in Figure 5.5 and find agreement between our distribution and the expected
distribution with a p-value of 1.00.
Next, we consider the outcomes of these collisions. Figure 5.3 shows the different collision types for both codes as a function of vi /vesc and b/bcrit . Different collision outcomes
are denoted by a unique color and symbol. We find that the collisions that occur in the
same parameter space are resolved in the same manner in each code. An erosion event is
any event that produces fragments which yield even more collisions as the fragments are
free to collide with other bodies. Figure 5.4 compares the growth of fragments versus simulation time across all 40 runs for each code. We see that our code produces fewer fragments
after 5 Myr with Mercury producing an average of 7 more fragments than REBOUND in a
run. We attribute this difference to the fact that we allow for partial accretion in our code.
In Chambers (2013), if Mt < Mlr the Mlr is assigned the mass of the initial target and the
remaining mass is partitioned into fragments. This results in more mass being available
for the creation of fragments compared to our code where the target is allowed to partially
accrete mass from the projectile. The linearity observed in fragment growth in Mercury
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Figure 5.4: Total number of fragments across all 40 runs for both REBOUND and Mercury,
as a function of simulation time. The differences in cumulative number of fragments at
5 Myr can be attributed to the fact that we permit partial accretion. In general, we observe
good agreement in fragment growth between the two codes.
is likely the result of how the disks were initialized. The Mercury disks do not begin as
randomized as the REBOUND disks and as a result, fragment growth in Mercury is more
linear for the first 5 Myr. However, we observe a spike in fragments near 5 Myr indicating
a departure from the linear growth. In general, fragment growth between the two codes is
similar.

Expansion factor
The practice of artificially inflating particle radii by an expansion factor f is sometimes
used in n-body studies to reduce the computation time (Kokubo & Ida 2002; Carter et al.
2015; Childs & Martin 2021b). Expanding the particle radii by f is equivalent to decreasing
the density of the body by 1/f 3 , thereby increasing the collision probability. Increasing the
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collision rate speeds up planet formation and decreases computation time and has been
shown not to affect n-body outcomes significantly for f  10 (Kokubo & Ida 2002; Carter
et al. 2015). Childs & Martin (2021b) experimented with expansion factors f = 25 and
f = 50 while using only perfect merging and found that the larger the expansion factor
is, the more quickly the bodies merge together. This leads to systems with higher planet
multiplicities and damped orbits since the planets form before the orbits have time to reach
excited states via planet-planet interactions.
Here, we are interested in understanding how expansion factors affect n-body results
when fragmentation is accounted for. In order to decrease computation time, the smallest expansion factor we experiment with is f = 3, which we take as our fiducial system. It takes two weeks to integrate the f = 3 systems for 100 Myr whereas it takes one
and a half weeks to integrate the f = 1 system for 5 Myr and we need to integrate the
f = 1 system for hundreds of Myrs for the systems to fully evolve. We experiment with
f = 3, 5, 7, 10, 15, 20, 35, and 50 to understand how the magnitude of the expansion factor
changes the final system architecture and collision history. For each expansion factor we
conduct 10 runs using the same setup as described in Section and our fragmentation code
for REBOUND.
To compare different values of f we must use a standard metric other than time since
different values of f speed up planet formation at different rates. We choose to evaluate
formation rates as a function of the remaining disk mass, mass that has not been ejected
or accreted by planets, Md . Md is the cumulative mass of the bodies with a mass smaller
than 0.1 M at the end of the simulation. The remaining disk mass is a proxy for how far
100

along the system is in its evolution. 0.05 M is the average Md for the f = 3 systems after
100 Myr of integration time. Because the f = 3 systems evolve the slowest and are the
most computationally restrictive, we integrate the systems with f > 3 to a time in which
they have an average Md  0.05 M . Generally, as the expansion factor increases we
integrate for less time.
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Table 5.2: Expansion factors (f ), simulation time and the average values and standard deviations for the final terrestrial planet
multiplicity, planet mass (Mp ), semi-major axis (ap ), eccentricity (e) and inclination (i) across all ten runs. These statistics only
consider bodies with a mass larger or equal to 0.1 M and the data from 10 runs for each setup. We also include the average
remaining disk mass Md of the runs for each f .

f Time/Myr
3
100
5
10
7
10
10
5
15
5
20
5
35
5
50
5

No. of planets
4.1 ± 0.87
5.5 ± 1.5
5.3 ± 0.78
4.9 ± 1.4
5.8 ± 1.5
6.2 ± 1.66
6.7 ± 1.5
6.2 ± 0.75

Mp /M
0.67 ± 0.87
0.49 ± 0.33
0.60 ± 0.34
0.66 ± 0.53
0.63 ± 0.44
0.62 ± 0.53
0.63 ± 0.43
0.70 ± 0.50

ap /au
1.05 ± 0.59
1.41 ± 0.82
1.35 ± 0.79
1.42 ± 0.88
1.34 ± 0.74
1.36 ± 0.86
1.46 ± 0.88
1.44 ± 0.88
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ep
0.07 ± 0.07
0.08 ± 0.09
0.09 ± 0.08
0.08 ± 0.07
0.06 ± 0.03
0.06 ± 0.06
0.07 ± 0.05
0.06 ± 0.04

ip
1.76 ± 1.5
2.26 ± 1.71
1.99 ± 1.21
2.54 ± 1.75
2.81 ± 1.76
3.36 ± 2.07
2.99 ± 2.18
2.50 ± 1.95

Md /M
0.05 ± 0.03
0.006 ± 0.005
0.006 ± 0.007
0.007 ± 0.009
0.007 ± 0.009
0.008 ± 0.01
0.01 ± 0.02
0.01 ± 0.02

Effects on system architecture
Table 5.2 lists the expansion factor used, the time the runs were integrated for, and
the average values ± the standard deviation between runs for the planet multiplicity, mass
(Mp ), semi-major axis (ad ), eccentricity (ep ), and inclination (ip ), and average remaining
disk mass (Md ) of the runs. We define a planet as a body having a mass of

0.1M .

We find that as the expansion factor increases the planet multiplicity increases and the
average semi-major axis that fragments are formed at also increases. The increase in planet
multiplicity happens because collisions happen on shorter timescales allowing the bodies
to grow more quickly. The shorter collision timescale also allows planets to form at larger
radii and accrete nearby planetesimals, inhibiting the inward scattering of planetesimals.
There is no noticeable correlation between f and average planet eccentricity, inclination,
and mass.
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Table 5.3: We list the simulation time, total number of collisions, the percent of collision outcomes (mergers, elastic bounces, hitand-runs and erosion events), and the total number of ejections, star collisions and fragments across all ten runs for each expansion
factor f .

f
3
5
7
10
15
20
35
50

Time
(Myr)
100
10
10
5
5
5
5
5

Total Merge
(#)
(%)
12131 42.1
10121 44.5
11788 44.5
12383 49.9
12476 52.7
10640 57.2
12527 55.7
11323 56.5

Elastic bounce
(%)
35.1
37.2
38.7
36.9
37.4
35.3
37.7
38.0

Hit-and-run
(%)
1.4
1.8
2.2
2.9
3.1
3.4
4.2
4.1
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Erosion
(%)
21.3
16.4
14.7
10.3
6.8
4.1
2.4
1.3

Ejections
(#)
1015
832
797
652
631
449
292
142

Star collisions
(#)
753
364
346
145
103
41
17
2

Fragments
(#)
6125
5096
5484
6128
5882
4632
5323
4375

Effects on collision history
Table 5.3 lists the total number of collisions, the percentages of collision outcomes, and
the total number of ejections, star collisions and fragments for all ten runs with a given
expansion factor. We observe a correlation between f and the occurrence rate of some of
the collision outcomes – as the expansion factor increases, the fraction of mergers, and hitand-run collisions increases, but the fraction of erosion events, the number of ejections, and
star collisions decrease. We observe no noticeable correlation between expansion factor
and the total number of collisions and fragments, or the fraction of elastic bounces.
Figure 5.5 shows the CDF for b/bcrit and log(vi /vesc ) for all of the collisions in the
runs with a given f . As f increases, impact parameters and impact velocities shift to lower
values. As the radius of the bodies increase, the collision time decreases which results
in lower impact velocities. Collisions with a lower impact velocity are more likely to
result in accretion rather than erosion. This indicates that bodies with larger f are more
likely to merge and on a shorter timescale, which rapidly builds more massive planets. The
lower values of b/bcrit can be attributed to the fact that the rate of mergers increases with
f which spurs runaway growth early on. As a result, the mass fraction Mp /Mt decreases
quickly with large f and leads to collisions with lower values of b/bcrit . We also check the
distributions of b as a function of f and find that the distributions of b shifts slightly towards
lower values with increasing f . If the vertical dispersion given by the mutual inclination
(ip ⇤ap ) isn’t much larger than the body sizes with the expansion factor, then the distribution
of b will shift towards lower values (Leleu et al. 2018). Because the change in b with f is
so small we conclude that the vertical dispersion is greater than the largest particle radii we
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Figure 5.5: CDF’s of b/bcrit (left panel) and log(vi /vesc ) (right panel) of all collisions in
systems with different expansion factors.
considered.

Effects on formation timescales
f and the effective time, t0 , for planet formation are inversely related – a greater expansion factor will speed up planet formation by increasing the collision rate. Childs &
Martin (2021b) found that t0 / tf 2.5 when only perfect merging is used, but this scaling
may not apply to systems that model fragmentation as fragmentation has been shown to
significantly alter formation timescales. Following their methods, we use the total number
of mergers as a proxy for how far along planet formation is. Figure 5.6 shows the number of
mergers versus t0 for different functions of the simulation time t. We find that t0 = tf 1.5 is
the best scaling for approximating the effective time with fragmentation. t0 with fragmentation does not decrease as quickly with increasing f as it does with only perfect merging.
This is expected since the inclusion of disruptive events via fragmentation lengthens planet
formation timescales in a non-linear way.
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Another property we consider is the relative order in which the terrestrial planets form.
To understand how f affects the order in which the terrestrial planets form we track the
time and radii when a body reaches m = 0.2 M in one run for each value of f . We find no
correlation between f and the order in which the planets form (from the inside-out versus
from the outside-in). The order in which planets form in a run varies, regardless of the
value of f . This suggests that the order in which terrestrial planets form is very sensitive to
the initial conditions.

Correction terms
To correct for the differences introduced by larger expansion factors, we experiment
with different correction terms in an effort to replicate the same collision history and final
planetary systems as the f = 3 system. We experiment with 30 different correction terms
in systems with large values of f . We find that each correction term contributes its own
effects to the system evolution that complicates the interpretation of the simulation results
and do not pursue this approach further. However, in this section we briefly describe the
approaches we explored to correct for the high rate of mergers, low number of fragments,
and large semi-major axes that arise in simulations with large values of f .
In order to correct for the faster rate of merging associated with a larger f we experiment with overestimating the impact velocity by various factors of f when resolving the
collision. This was done because when the artificially inflated planets collide, they aren’t
moving as fast as they would be if they were more dense. So, we are trying to recreate the
collisions as they would occur in real life. A larger impact velocity vi will produce more
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Figure 5.6: We plot the total number of mergers vs time for each f to understand how the
simulation time t corresponds to the effective time of planet formation t0 when fragmentation is modeled. We find that t0 = f t1.5 is the best fit for approximating how the simulation
time scales with the effective time of planet formation for a given f .
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erosion events which will inhibit the orbital damping and lower the rate of mergers. This
correction term is used to help offset the fewer number of fragments produced in systems
with a larger f .
We find that while overestimating vi in our collision routine results in a collision history
that is more similar to the f = 3 case, the systems still retain too much material. This results
in planets that are too massive and planets that are at larger semi-major axes.
We also experiment with expansion factors that scale with the initial semi-major axis
of the bodies and with a forced ejection criteria (FEC). Using f / a will reduce the number of mergers as the bodies found at shorter orbital periods will have a smaller f , thus
maintaining a more constant collision timescale at each orbit.
The FEC is also a function of semi-major axis which preferentially ejects from the
outer regions of the disk if a specific criteria is met during a collision. This is to help
correct for planet semi-major axes that increase with f . We find that using f / a and the
FEC together best reproduces the f = 3 systems however, the planets preferentially form
from the outside-in and still form at larger semi-major axes.
Of the 30 different correction terms we experimented with, we find that each term
introduces effects that differentiate the system from the f = 3 results. We conclude that
studies are better off employing an expansion factor and being aware of the effects from
such, as discussed previously, and do not implement any corrections into our fragmentation
code to account for the effects of an expansion factor.
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Composition tracking
In addition to our fragmentation code, we developed a post-processing code that tracks
how the bulk composition of the bodies change during a collision. To do so, we make the
simplifying assumption that the composition of all the bodies is homogeneous and changes
only as a function of mass exchange with bodies of a differing composition. This assumption does not allow for the tracking of core and mantle mass evolution. While we acknowledge that there are many physical processes that occur during planet formation which will
alter the composition of the bodies (volatile depletion, fragmentation of differentiated bodies, outgasing, photoevaporation, etc.) and that significant fractions of the volatile budget
may lay on the surface of the planet (Burger et al. 2020), our code is a reasonable first
approximation for constraining the bulk composition and the maximum relative abundance
of a given specie when using realistic starting conditions. A more nuanced planetary model
is beyond our present scope.

Composition tracking model
Our post-processing composition tracking model works in tandem with our fragmentation code. The fragmentation code produces a collision report to be passed into our Python
script for composition tracking and follows how mass from various bodies is accreted by
the proto-planets. The collision report along with an input file made by the user are the
input needed for our composition code. The user generated input file lists all of the starting
bodies with each body’s unique identifier (this is called its hash in REBOUND), the body
mass, and the body’s relative abundance for each specie. The output file returns the last
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Table 5.4: We list the expansion factor f and the average and standard deviations of the
WMF of all the planets across all runs for a given f . We also list the average and standard
deviations of the planet WMFs in a specified radial range. These statistics only consider
bodies with a mass larger or equal to 0.2 M and are not mass averaged.

f
WMF
ap /au < 0.8 0.8 ap /au  1.5
3 0.005 ± 0.010 0.001 ± 0.001
0.003 ± 0.003
5 0.006 ± 0.011 0.001 ± 0.001
0.002 ± 0.001
7 0.008 ± 0.013 0.002 ± 0.002
0.003 ± 0.002
10 0.015 ± 0.019 0.004 ± 0.003
0.008 ± 0.004
15 0.009 ± 0.013 0.001 ± 0.002
0.004 ± 0.003
20 0.009 ± 0.015 0.001 ± 0.001
0.002 ± 0.002
35 0.012 ± 0.017 0.001 ± 0.001
0.001 ± 0.002
50 0.013 ± 0.019 0.000 ± 0.000
0.001 ± 0.001

1.5 < ap /au
0.025 ± 0.022
0.015 ± 0.017
0.020 ± 0.018
0.036 ± 0.025
0.020 ± 0.016
0.023 ± 0.017
0.025 ± 0.017
0.026 ± 0.019

recorded mass and composition for all of the bodies in the system in the same format as the
user generated input file. Details on these formats may be found in the documentation for
our code.
To track the composition evolution of the bodies involved in a collision we consider a
target with mass Mt and initial composition

X=

n
X

xi = 1,

(5.21)

i=1

and a projectile with mass Mp and initial composition

Y=

n
X

yi = 1,

(5.22)

i=1

for n number of species being tracked, and xi , yi being the relative abundance of the ith
111

specie for the target and projectile respectively.
If the collision results in an elastic bounce with no mass exchange, then the composition
of each body remains the same. If the collision results in a merger or partial accretion of
the projectile, the composition of the target becomes
"
#
n
n
X
X
1
X0 =
Mt
xi + Mp0 /Mt
yi .
0
Mt + M p
i=1
i=1

(5.23)

where Mp0 is the mass of the projectile that is accreted by the target. If any fragments are
produced from the projectile, they are assigned the composition of the projectile.
If the target becomes eroded, then the composition of the target remains the same and it
is assigned the mass of the largest remnant, Mlr . The composition of the new fragment(s)
becomes
Z0 =

1
Mtot

Mlr

"

(Mt

Mlr )

n
X
i=1

xi + Mp /Mt

n
X
i=1

#

yi .

(5.24)

If multiple fragments are produced in a collision, they all receive the same composition.
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Table 5.5: Collision model used, simulation time and the average values and standard deviations for the final terrestrial planet
multiplicity, planet mass (Mp ), semi-major axis (ap ), eccentricity (e), and inclination (i). We also list the WMF for all the planets in
the WMF column, and the WMF of planets found in a specified radial range. These statistics only consider bodies with a mass larger
or equal to 0.2 M and are not mass averaged.
Model
Multiplicity
Fragmentation
3.4 ± 0.8
Perfect Merging 2.9 ± 1.04

Mp /M
0.98 ± 0.70
1.21 ± 0.81

ap /au
1.24 ± 0.67
1.34 ± 0.68

ep
0.08 ± 0.05
0.12 ± 0.10

ip
2.88 ± 2.46
3.60 ± 3.01
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WMF
0.015 ± 0.019
0.009 ± 0.013

ap /au < 0.8
0.004 ± 0.003
0.001 ± 0.001

0.8  ap /au  1.5
0.008 ± 0.004
0.005 ± 0.005

1.5 < ap /au
0.036 ± 0.025
0.019 ± 0.016

Volatile delivery
Using our fragmentation and composition tracking code we study how expansion factors and fragmentation affect the delivery of water to the inner terrestrial region. Using the
same disk from Section we apply an initial water content distribution to each body as is
used in Raymond et al. (2006). The initial water content is designed to reproduce the water
content of chondritic classes of meteorites. It is a discrete partition of water abundance
as follows: inside 2 au bodies are initially dry, bodies between 2 and 2.5 au contain 0.1%
water by mass, and outside of 2.5 au bodies have an initial water content of 5% by mass.
The top panel of Figure 5.7 shows the initial water mass fraction (WMF) for the disk. After assigning each body an initial water content, we use our composition tracking code to
follow the evolution of the WMF for the planets in the systems.

Expansion factor effects on water delivery
Table 5.4 lists the average and standard deviation of the planet WMFs that formed
across all ten runs for a given f . We evaluate all the systems at the times listed in Table
5.3. Following Raymond et al. (2006) we define the habitable zone around a Sun-like star
as 0.8

1.5 au and now define a planet as a body having a mass > 0.2 M . We also list the

average planet WMF interior to the habitable zone, inside the habitable zone, and exterior
to the habitable zone.
In general, the average WMF of the planets increases with f . The only exception to
this trend is f = 10, which is an outlier. For all f , planet WMF increases with ap and
the water gradient steepens as f increases. Larger expansion factors impede radial mixing
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as particles with larger radii are more likely to result in a collision than a close encounter
which leads to bodies on less eccentric orbits. The collisions are also detected earlier on,
before the bodies have time to move away from their original location. The WMF for Earth
is 0.001. As expected, the f = 3 system produces planets with WMFs most similar to
Earth’s.

Fragmentation effects on water delivery
We first consider how fragmentation affects the final planetary system. We perform ten
runs with fragmentation and ten runs with only perfect merging using f = 10 to reduce the
computation time. We integrate the systems for 100 Myr. The first two columns in Table
5.5 list the average planet multiplicity and average planet mass, semi-major axis, eccentricity and inclination per run for systems with fragmentation and systems with only perfect
merging. We find that fragmentation produces systems with similar planet multiplicities
but planets with lower mass than the systems with only perfect merging. The planet orbits have slightly lower semi-major axis, eccentricity, and inclination with fragmentation,
which is likely the result of dynamical friction from the fragments in the system.
Figure 5.7 shows the results from simulations with fragmentation (middle panel) and
with only perfect merging (bottom panel) after 10 Myr of integration time. We plot eccentricity vs. semi-major axis for the remaining bodies in all the simulations. The area of the
marker is proportional to the mass of the body and the colour of the marker represents the
water mass fraction (WMF) as listed on the colour bars. Table 5.5 lists the average WMF
of a planet for systems with each collision model and the WMF of the planets found inte115

Figure 5.7: Eccentricity vs. semi-major axis for all the bodies in our simulation at t = 0
and for the remaining bodies in all simulations after 100 Myr. The size of the marker is
proportional to the mass of the body and the colour of the marker represents the water mass
fraction (WMF) as listed on the colour bars. The top panel shows the initial distribution of
the bodies and they’re starting water content. The middle panel shows the final planetary
systems from all ten runs after integrating for 100 Myr with fragmentation, and the final
planetary systems from all ten runs with only perfect merging in the bottom panel.
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rior to the habitable zone, inside the habitable zone, and exterior to the habitable zone. We
find that on average, fragmentation produces planets with a higher WMF than the planets
formed via perfect-merging. We attribute this to a more enhanced compositional mixing
from the creation and accretion of fragments. Fragments produced by bodies further out
and with a larger WMF are able to be accreted by closer-in planets, increasing the average planet WMF. This is also reflected in the WMF of the radial bins we consider. In all
three radial bins, fragmentation produces planets with larger WMFs than perfect merging.
The differences in WMFs between fragmentation and merging are most pronounced in the
inner regions where fragmentation enables water delivery to the inner regions and perfect
merging does not. However, perfect merging produces planets with a high WMF between
1.3

2.3 au. We find four planets with a WMF of 2% in this range. The lack of radial

mixing of material that arises from assuming perfect merging leads to an overabundance of
dry planets but can also produce very wet planets. If perfect merging does add water to a
body, it is more likely to do so in large increments whereas fragmentation allows for water
delivery to happen in smaller increments.
During Earth’s formation, a significant amount of water likely evaporated off during
the giant impact phase (Lock & Stewart 2017). With respect to Earth, perfect merging and
fragmentation overestimate the WMF by factors of 9 and 15, respectively. However, our
simulations consider planets formed out to 4 au, volatile loss is not accounted for, and we
use thee expansion factor f = 10.
In addition to forming more water rich planets, fragmentation allows for mass exchange
and this mixing of bodies leads to systems with lower gradients of water, and water is found
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over a larger range of radii than systems that assume only perfect merging. Emsenhuber
et al. (2020) also developed their own fragmentation model using machine learning methods and a composition tracking code. Although the specifics of their models differ, they
also found that fragmentation leads to more compositional mixing throughout planet formation. In general, as is expected with in-situ formation, we observe that the final location
of a planet is correlated with its final WMF as planets found at smaller radii will have lower
WMF than planets formed at larger radii.

Summary
We presented a fragmentation module and a composition tracking post-processing code
to be used with the n-body code REBOUND. Our fragmentation code allows for improved
studies of planet formation by modeling more realistic collisions during the late stage of
planet formation. We compared our fragmentation results to the fragmentation results of
the n-body code Mercury by Chambers (2013) and found good agreement in collision
outcomes for the same impact velocity-impact parameter phase space, and the overall evolution of the system.
In our n-body simulations with fragmentation, we inflated the particle radii by an expansion factor f and experimented with various values of f to understand how they affect
the collision history and final planetary system. We found that as the expansion factor increases, so do the rate of mergers, which leads to planetary systems with more planets and
planets found at larger radii. We experimented with various correction terms in an effort
to offset the errors associated with the expansion factors. No correction terms were found
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to compensate the effects of expansion factors without introducing their own error and we
conclude that, until a reliable correction can be identified, when users apply an expansion
factor, they recognize the systematic errors associated with their use.
Our composition tracking code is a post-processing Python code which uses the output
from our fragmentation module to track how the composition of bodies changes as a function of mass exchange. Our code assumes that all the bodies are non-differentiated with
a homogeneous composition. We studied how expansion factors and fragmentation affect
volatile delivery into the inner disk regions using our composition tracking code. Using an
initial water distribution adopted from Raymond et al. (2006), we track how the WMF of
the planets evolves in systems with various values of f . We find that on average, as f increases so does the average WMF of the planets. Radial mixing decreases with increasing
f as collisions happen early on, before the bodies have time to grow to excited orbits and
move away from their original location. We also compared the resulting WMF in systems
that use the same initial conditions but model either fragmentation or only perfect merging.
We found that on average, accounting for fragmentation produces planets with a higher
WMF and that fragmentation allows for more radial mixing. The exchange of material between bodies of differing WMF produces systems with a shallower gradient of WMF over
the terrestrial radial range of the disk.
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CHAPTER 6

TERRESTRIAL PLANET FORMATION AROUND M-DWARFS
Introduction
The TRAPPIST1 (T1) system is a late-M dwarf star that hosts seven tightly packed,
Earth-sized planets (Gillon et al. 2016; Gillon et al. 2017). Recent observations have shown
that the two inner-most planets have the largest masses in the system while the outer planets
increase with orbital distance (Agol et al. 2021). This mass trend has been refered to
as a textitreversed mass ranking (Ogihara et al. 2022). The T1 planets are in a complex
resonance chain where the outer four planets are in first-order mean-motion resonances
with each adjacent planets and the inner three planets are in higher-order resonances (8:5
and 5:3). Three-body Laplace resonances are also found throughout the system (Luger
et al. 2017).
Measurements from transit-timing variations and dynamical modeling have placed constraints on the bulk density of the planets (Grimm et al. 2018; Dorn et al. 2018; Unterborn
et al. 2018; Agol et al. 2021). These studies show that the planets have similar densities,
with densities consistent with rocky worlds and water mass fractions (WMF) < 10% suggesting that all the planets formed in a similar manner. The uniqueness of the mass and
orbital distribution of this planetary system has implications for its formation history and
as a result, it has been heavily studied.
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Ormel et al. (2017) proposed that the formation of the T1 system first takes place at the
ice line where planetesimals form by the streaming instability. The streaming instability
refers to the process in which solid particles condense into dense filaments and undergo
gravitational collapse into a large singular body. Planetesimals up to ⇠ 100 km may form
in this way (Simon et al. 2016; Schäfer et al. 2017). After the initial planetesimals form,
they continue to grow at the ice line by pebble accretion and planetesimal accretion until
the body reaches the pebble isolation mass. The planets undergo inward type-I migration
and accrete rocky pebbles once they’ve crossed the ice line. In this manner, the planets
form sequentially at the ice line. The inner most planets stall at the inner edge of the gas
disk, which is set by the star’s magnetosphere.
Huang & Ormel (2021) tested the plausibility of the T1 planets forming sequentially at
the ice line by numerically modeling the inward migration of the fully formed T1 planets
from the ice line. Using the n-body code REBOUND, and REBOUNDx to model the additional forces of an evolving gas disk, Huang & Ormel (2021) were able to demonstrate
that if the T1 planets are sequentially produced and migrate inwards, the planets naturally
converge into a chain of first order resonances. Modeling a migration barrier in the inner gas-free cavity where planets that enter the cavity are pushed further inwards from an
outer Lindblad torque from the gas disk, tidal forces, and orbital dampening from gas drag,
they were able to reproduce the observed two-body and three-body resonances of the system. However, this mechanism does not explain the composition of the planets. Beginning
fully formed planets at the ice line would imply a water content much larger than what is
observed.
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While n-body studies have been able to reproduce the broader features of the T1 system assuming the Ormel et al. (2017) model, it has proven difficult to reproduce both the
mass distributions and orbital architecture of the system when starting from an early stage
in planet formation. Schoonenberg et al. (2019) numerically modeled the formation of
the T1 system starting with the formation of planetesimals via the streaming instability.
They then used n-body simulations to track the growth of planetesimals into planets, via
pebble accretion and planetesimal accretion using a modified version of the n-body code
Mercury which included pebble accretion and the gas effects of type-I migration and aerodynamic drag. Once the planets migrated to shorter orbits, they modeled the final stage
semi-analytically in order to reduce computation time. This approach was able to reproduce the general mass distribution of the T1 planets, but not the orbital architecture.
On the other hand, Ogihara et al. (2022) were able to reproduce the complex orbital
architecture of the T1 system by numerically modeling the growth of embryos in a gas disk
that loses mass from photoevaporation and disk winds in addition to gas accretion onto
the central star. The more complex temporal evolution of this gas disk leads to fast and
then later, when the surface density profile of the gas flattens out, slow migration of the
embryos which results in systems with resonant chains similar to the T1 system and they
are able to reproduce the reversed mass ranking mass trend. However, the starting mass
distribution for this study is not well justified. The system begins with embryos that have
already reached the pebble isolation mass, distributed between 0.015 0.2 au, after the disk
has evolved for 1 Kyr. It is not clear how this starting mass distribution is achieved or, if it
is able to reproduce the composition of the T1 planets.
122

In this paper, we attempt to bridge the gap between planetesimal formation and final
planetary mass and orbital architecture of the the T1 system with n-body simulations while
faithfully reproducing the observed compositions of the planets. We place tight constraints
on the composition of the bodies by modeling the composition evolution of the planets
beginning with dust formation. The dust condensation code by Li et al. (2020) tracks how
dust condenses out of an evolving protoplanetary disk as it cools in time. The starting
composition of the disk is extrapolated from the composition of the host star. Details on
the dust evolution model can be found in Li et al. (2020).
In our n-body simulations, we track the growth of planetesimals through pebble and
planetesimal accretion in an evolving gas disk. These effects are implemented through
a newly developed module for REBOUNDx which tracks pebble accretion growth, typeI migration, and eccentricity and inclination dampening from gas drag. In Section we
describe our evolving gas disk, pebble accretion, type-I migration, and eccentricity and
inclination dampening models. We also describe the model we use to track the composition
evolution of the bodies. In Section we describe our n-body setup. In Section we layout
our results and in Section ?? we diskuss the implications of these results and caveats of our
models. Lastly, we summarise our results in Section .

Models
In this section we diskuss our models for disk evolution, mass growth via pebble accretion, and the effects of gas drag on the dynamics of the solid bodies. The T1 planets
are thought to have formed in less than a few Myr, a timescale shorter than the disk life123

Table 6.1: The constant disk parameters for our models. We choose parameters that are
either expected for the T1 model or, that are self-consistent with our model.
Symbol
Parameter
Value
M?
stellar mass
0.09 M
L?
stellar luminosity
1.5 ⇥10 3 L
Md
initial disk mass
0.001 M?
fp
parameterization of the column density
2
v
subkeplerian speed of the gas
6.7 m s 1
↵
disk viscosity parameter
1 ⇥10 4
⌧s
dimensionless stopping time
0.1 or 0.001
rice
ice line
0.1 au
⇢pl
planetesimal density
1.5 g cm 3
rin
disk inner edge
0.01 au
R1
Radius scaling factor
1 au

time and so we include disk effects throughout the entirety of our simulations (Raymond
et al. 2021). The disk is thought to be truncated by the stars magnetosphere near 0.015 au
(Coleman et al. 2019) and so we turn off all effects from the gas disk (i.e pebble accretion,
type-I migration, eccentricity and inclination damping) after a body moves past 0.015 au
and into the inner cavity. We implement these models into a new module for REBOUNDx
(Tamayo et al. 2020)that works in tandem with the n-body integrator REBOUND (Rein &
Liu 2012). We also describe how we track the evolution of the composition of the planets
throughout the planet formation process, which is done as a post-processing step.

Disk evolution
Our disk evolution model is based on the accretion and evolution of T Tauri disks from
Hartmann et al. (1998). This population of young stars allows the opportunity to study disk
evolution around low-mass pre-main sequence stars. We adopt parameter values that are
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most fitting for the T1 system.
The surface density for a gas disk with mass Md follows

⌃(r) =

Md
1
e
2
2⇡R1 (r/R1 )t3/2
1

(r/R1 )/t1

(6.1)

with radius r from the star and scaling factor R1 . R1 is the radius where ⇠ 0.6 of the disk
mass resides initially. We set R1 = 1 au and the initial disk mass Md = 0.001M? . t1 is the
non-dimensional time defined as
t1 = t/ts + 1

(6.2)

at time t. The viscous scaling time for the gas is

1 R12
ts =
,
3 ⌫1

(6.3)

where the viscosity at R1 is defined as ⌫1 = ⌫(R1 ). The viscosity of a gas disk is ⌫ =
↵cs H where ↵ is the standard turbulence parameter (Shakura & Sunyaev 1973b). We set
↵ = 1 ⇥ 10 4 . ↵, along with R1 , sets the viscous scaling time for the gas which determines
the temporal evolution of the surface density profile for a quasi-steady state disk (low ↵).
Figure 6.1 shows the temporal evolution of the gas surface density.
For a disk that is vertically isothermal, the disk scale height is,

H = cs /⌦,
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(6.4)

where ⌦ =

p
GM? /r3 is the Keplerian orbital frequency.

The local isothermal sound speed is,

cs =

s

kB T (r)
µ

(6.5)

where kB is the Boltzmann constant and µ = 2.34 mH is the mean molecular weight of the
gas.
The surface density profile we adopt assumes that the temperature profile of the disk
is T (r) / r

1/2

, which is a common assumption for the minimum mass solar nebula

(MMSN) (Weidenschilling 1977c; Hayashi 1981). The temperature profile for the MMSN
is
T (r) = 280r

1/2

(L? /L )1/4 K

(6.6)

where L? is the luminosity of the star Hayashi (1981). While a more complex temperature
profile would be more realistic, we assume the above temperature profile for simplicity and
self consistency.
For consistency with previous studies of the T1 system, we place the ice line at rice =
0.1 au. Using our temperature profile and assuming the ice line exists at the region in
the disk where the temperature is 170 K, this corresponds to a stellar luminosity of L? ⇡
1.5⇥10

3

L . This luminosity is three times larger than the current luminosity of T1 which

coincides with a much earlier time in the stars life.
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The gas accretion rate onto the central star is set by

Md 1
Ṁg =
e
2ts t3/2
1

(r/R1 )/t1



2(r/R1 )
.
t1

1

(6.7)

The column density of the pebbles is,

(6.8)

⌃p (r) = 0.01fp ⌃

where fp is a parameterization of the column density relative to the standard profile. We
take the dust-to-gas ratio to be radially constant and assume a value of 2% such that

(6.9)

fp = 2.

Pebble accretion
Mass growth of a planetesimal via pebble accretion is separated into either the Bondi
regime or the Hill regime, depending on the size of the pebbles and the mass of the central
planetesimal (Johansen & Lambrechts 2017). Pebbles move from the Bondi regime to the
Hill regime once the radius of the central planetesimal reaches the transition radius,
⇣ r ⌘1/2 ✓
v
Rt (r) = 1160km
5 au
30 m s
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1

◆✓

⇢pl
2 ⇥ 103 kg m

3

◆

1/3

(6.10)

where ⇢pl is the density of the planetesimal and

1 H @lnP
11 c2s
cs ⇡
= 6.7m s 1 .
2 r @lnr
8 vk

v=

vk =

p

v is the sub-Keplerian speed of the gas,

GM? /r is the Keplerian velocity. While the MMSN assumes that

(6.11)

v = 50 m s

1

throughout the protoplanetary disk, radiative transfer models have shown that protoplanetary disks are much colder and thus have lower values of

v (Bitsch et al. 2015).

Our model begins after planetesimals have already formed at the ice line. The transition
radius at the ice line is Rt (0.1 au) ⇡ 40 km and our starting planetesimal sizes are larger
than this. As a result, we model pebble accretion in the Hill regime. Mass growth from
pebble accretion in the Hill regime of a planetesimal with mass mpl proceeds as

Ṁ = 2Racc ⌃p ( v + ⌦Racc ) .

(6.12)

Racc is the accretion radius from which the planetesimal accretes pebbles. In the weak
coupling branch, where solid bodies are weakly coupled to the gas, the accretion radius can
by approximated by

Racc =

✓

⌦⌧f
0.1

◆1/3

RH exp

⇥

⇤
0.4 (⌧f /tp )0.65 ,

(6.13)

where RH = (mpl /M? )1/3 r is the Hill raidus, tp = Gmpl /( v+⌦RH )3 is the characteristic
passing timescale, and ⌧f = ⌧s /⌦ is the friction time (Ormel & Klahr 2010).
Mass growth continues on the 2D-Hill branch until the planetesimal reaches the isola-
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tion mass where the planetesimal is large enough to induce a pressure bump exterior to its
orbit that halts the incoming flux of pebbles. We adopt the pebble isolation mass (PIM)
from Ataiee et al. (2018),
2

p
PIM = (H/r)3 37.3↵ + 0.01 ⇥ 41 + 0.2

!0.7 3
p s
↵
1
5 M? .
+4
H/r ⌧s2

(6.14)

The dimensionless stopping timescale of the particle is ⌧s (Yang et al. 2018). We use
⌧s = 0.1 at or exterior to the ice line, the radial drift barrier (Birnstiel et al. 2012; Birnstiel
et al. 2016), and ⌧s = 0.001 interior to the ice line which corresponds to the fragmentation
barrier. The radial drift barrier refers to an issue in planetesimal formation where a pebble,
which orbits at sub-Keplerian speeds in a gas disk, grows massive enough such that its
orbit can no longer be sustained due to the constant head wind from the surrounding gas
the pebble experiences. As a result, the solid body moves inwards eventually falling into,
or is vaporized by the star (Weidenschilling 1977b). The fragmentation barrier refers to
the issue in planetesimal formation where solid bodies moves inwards so quickly that they
reach high velocities that are more likely to result in fragmentation rather than accretion
during a collision Birnstiel et al. (2011). The fragmentation barrier depends on the porosity
of the bodies and the relative sizes of the bodies colliding, but setting ⌧s = 0.001 is a good
generalization.
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Type-I migration and gas drag
Angular momentum exchange via spiral density waves will cause the planetesimals
to migrate inwards via type-I migration, and gas drag will dampen the eccentricity and
inclination of the planetesimal. Cresswell & Nelson (2008) empirically derived expressions
for the accelerations a body experiences in a gas disk, which can be implemented into
n-body code. The accelerations a body experiences from type-I migration, eccentricity
damping, and inclination damping are
v
,
tm

(6.15)

(v · r)r
,
r 2 te

(6.16)

am =

ae =

2

ai =

vz
k,
ti

(6.17)

respectively. k is the unit vector in the z direction and v and r are the velocity and position
vectors of the body. The timescales associated with each of these accelerations are founded
on the the damping timescale

twave

M ? M?
=
mpl ⌃(r)r2
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✓

H
r

◆4

vk 1 ,

(6.18)

from Tanaka et al. (2002). The eccentricity damping time is
twave
te =
⇥
" 0.780✓
◆2
✓
◆3
✓
◆✓
◆2 #
e
e
e
i
1 0.14
+ 0.06
+ 0.18
,
H/r
H/r
H/r
H/r

(6.19)

and the inclination damping time is
twave
ti =
⇥
" 0.544 ✓
◆2
✓
◆3
✓
◆✓
◆2 #
i
i
i
e
1 0.33
+ 0.24
+ 0.14
.
H/r
H/r
H/r
H/r

(6.20)

The type-I migration timescale is
2twave
tm =
2.7 + 1.1

✓

H
r

◆

2

"
✓
◆
✓
◆4
P (e)
i
i
P (e) +
0.07
+ 0.085
|P (e)|
H/r
H/r

where
1+
P (e) =

and ⌃(r) / r

⇣

e
2.25H/r

1

⌘1.2

⇣

+

0.08

⇣

e
2.02H/r

✓

e
2.84H/r

⌘4

e
H/r

⌘6

. Following the surface density profile, we set

◆✓

,

i
H/r

◆2 #! (6.21)

(6.22)

= 1.

Dynamical studies have shown that a rapid migration of the fully formed planets is
needed to break out of various three-body Mean Motion Resonances (MMRs) before arriving in their current resonant chain. Because these fast migration rates are needed to reproduce the resonant structures it has been proposed that efficient stalling mechanisms must
have been present in the inner regions of the disk to prevent the planets from falling into
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the star. Rapid migration timescales of the fully formed T1 planets can naturally explain
first-order Mean Motion Resonances (MMRs) in the system (Huang & Ormel 2021), but
the inner two planets are observed to be in higher order MMRs which indicates divergent
migration in the inner disk regions. (Liu et al. 2017) demonstrated that divergent migration can happen near to the star from magnetospheric rebound. (Huang & Ormel 2021)
were able to reproduce the T1 resonant structure by modeling a strong negative torque in
the inner cavity, although this divergent torque is not physically motivated. These studies
consider the dynamics of the fully formed T1 planets, when less gas is present. Migration timescales throughout the formation process are likely much shorter when more gas is
present, but scattering and resonances may help reduce the migration rates throughout the
formation process.
To reproduce the proposed stalling mechanism thought to exist in the T1 system, we
use the “inner disk edge” module in REBOUNDx by Kajtazi et al. in prep. This module
applies an inner disk edge that functions as a planet trap by applying an opposite and
roughly equal magnitude torque on the migrating body that enters the planet trap. We do
not allow bodies to migrate past the orbit of the innermost T1 planet, ⇠ 0.01 au. The region
in which this planet trap is employed is between 0.01 0.015 au. All our parameter choices
for our fiducial disk evolution model are listed in Table 6.1.

Composition evolution
Using results from the dust condensation code by Li et al. (2020), which models how
dust condenses out of the protoplanetary disk as the disk cools, we follow the composi132

tion evolution of the planetesimals as they merge with one another and grow via pebble
accretion to form planets. The dust condensation code has been refitted to model dust condensation around an M-dwarf star and adopts our same stellar mass and surface density
profile. The temperature profile for the dust condensation evolution is

T4 =

3G⌧ M⇤ ṀI
,
64⇡ SB r3

which is the same used in Li et al. (2020). ṀI is the accretion rate of gas,

(6.23)

SB

Stefan-Boltzmann constant, the optical depth is ⌧ = ⌃/2, and  = 4 cm2 g

1

is the
is the

opacity of a Solar composition gas. The starting composition of the gas disk is motivated
by the stars metallicity. Because the measured values of T1’s metallicity are similar to the
Sun’s (Delrez et al. 2018), we use solar metallicity values in the code. The code returns
the relative abundance of 33 different elements and 520 condensed species as a function of
radius in the disk as a function of time. Using this code, we determine the dust composition
of our disk at any radius to track the composition evolution of the solid bodies, which we
assume to be non-differentiated at every stage of planet formation.
Our composition tracking code for the solid bodies is based on the composition tracking
code of Childs & Steffen (2022b) and includes composition changes from pebble accretion.
The bodies, which all begin at or exterior to the ice-line, are assigned an initial composition
of 50% water-ice and 50% of the dust composition at their radial location as determined by
the condensation code.
Following Childs & Steffen (2022b), we consider a target (the more massive of the two
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bodies involved in a collision) with mass Mt and initial composition

X=

n
X

(6.24)

xi = 1,

i=1

and a projectile (the less massive of the two bodies involved in a collision) with mass Mp
and initial composition
Y=

n
X

(6.25)

yi = 1,

i=1

for n number of species being tracked, and xi , yi being the relative abundance of the ith
specie for the target and projectile respectively.
If the collision results in an elastic bounce with no mass exchange, then the composition
of each body remains the same. If the collision results in a merger or partial accretion of
the projectile, the composition of the target becomes
"
#
n
n
X
X
1
X0 =
Mt
xi + Mp0 /Mt
yi .
Mt + Mp0
i=1
i=1

(6.26)

where Mp0 is the mass of the projectile that is accreted by the target. If any fragments are
produced from the projectile, they are assigned the composition of the projectile.
If the target becomes eroded, then the composition of the target remains the same. The
composition of the new fragment(s) becomes

Z0 =

1
Mtot

Mlr

"

(Mt

Mlr )

n
X
i=1
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xi + Mp /Mt

n
X
i=1

#

yi .

(6.27)

We chronologically resolve all the collisions, using the prescription described above,
and update the compositions of all the bodies according to the amount and location of the
pebbles the body accumulated over the last 100 years. The amount of pebbles a body has
accumulated over 100 years, (Mpeb ), is the mass difference between the body at time t and
time T 100 years, after all collisions have been accounted for. The relative abundances of
the pebbles is given by,
Ypeb =

n
X

ypeb,i = 1,

(6.28)

i=1

where ypeb,i is the relative abundance of the ith specie for the pebble. Ypeb is determined
by the radial location of the body at time t and the output from the dust condensation code.
The new composition of a body, which we refer to as the target, from pebble accretion is
set by

"
#
n
n
X
X
1
X0 =
Mt
xi + Mpeb /Mt
ypeb,i .
Mt + Mpeb
i=1
i=1

(6.29)

N-body setup
Schoonenberg et al. (2019) studied how dust evolves into planets in the T1 system
using a Lagrangian smooth-particle method coupled with the n-body code Mercury. They
found planetesimals form in a narrow annulus just exterior to the ice line, in a single epoch
about 1 Kyr after disk formation, and have an internal density of 1.5 g cm 3 , consistent
with 50% ice and 50% silicates. Ogihara & Kobayashi (2013) found that ⌧a is needed to be
between 102

103 years for first-order MMR capture. Our goal is to find a set of fiducial

disk parameters that produce bodies with similar migration timescales. We simulate the
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Figure 6.1: The temporal evolution of the gas surface density profile (⌃) as set by our disk
model and parameters.
evolution of a plantesimal that is intially 100 km in size with a density of 1.5 g cm

3

and

use these results to motivate our n-body setup.
Figure 6.2 shows the evolution of semi-major axis (ap ), migration timescale (⌧a ), and
mass (Mp ) for a 100 km-sized planetesimal (m = 1.3 ⇥ 10

7

M ) that begins just exterior

to the ice line, over 100 Kyr. The planetesimal migrates inwards and grows to the PIM
interior to the ice line after ⇠ 1 Kyr. The PIM just exterior to the ice line is ⇠ 0.1 M .
After ⇠ 30 Kyr the planetesimal crosses the ice line and continues to grow by pebble
accretion until it reaches the PIM exterior to the ice line. The PIM just interior to the ice
line is ⇠ 1 M . Exterior to the ice line the planetesimal experiences migration timescales
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Figure 6.2: We show the semi-major axis (ap ), migration timescale (⌧a ), and mass (m)
evolution of an initially 100 km-sized planetesimal that begins just exterior to the ice line
over 100 Kyr of simulation time.

137

of ⌧a ⇠ 700 yrs and ⌧a ⇠ 100 yrs interior to the ice line until it reaches the planet trap in
the inner cavity where it stalls.
Because we assume 100 km-sized planetesimals grow in the disk within the first 1 Kyr
by the streaming instability and our model grows these planetesimals to the PIM at the ice
line in another 1 Kyr, our n-body simulations begin at tdisk =⇠ 2 Kyr with planetesimals
assumed to have already grown to the PIM at the ice line (0.1 M ). We distribute 10-20
planetesimals in an annulus just exterior to the ice line between 0.1
a surface density profile of ⌃pl = r
1

3/2

0.15 au, following

. This yields an initial planetesimal disk mass of

2 M . The number of planetesimals added to a run is chosen randomly in each run. We

adopt a density of 1.5 g cm

3

for our planetesimals. Although we allow the composition of

the planetesimals to change in time, we keep their density constant. The starting composition of the planetesimal is 50% water-ice and 50% of the dust composition found at the
planetesimal’s radial location at tdisk =⇠ 2 Kyr.
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Table 6.2: The initial mass of the planetesimal disk (Md ), the mass (Mp ), semi-major axis (ap ), eccentricity
(e), inclination (i) and the water (WMF), iron (Fe), magnesium (Mg), silicon (Si), and oxygen (O) mass
fractions for each planet, and the fraction of the final planet mass that came from pebble accretion (Peb),
fragments (Frag), and planetesimals (Pl).

System Md /M Planet Mp /M ap /10

Run29

Run41

Run43

1.4

1.0

1.5

2

au e

i WMF/ % Fe/% Mg/% Si/% O/% Peb/% Frag/% Pl/%

b

1.83

1.37

0.1 0.0

c

0.86

1.79

0.17 0.0 10.03 24.66 13.06 14.8 27.82 98.79 1.21

d

0.99

2.35

0.16 0.0 39.72 15.91 8.43 9.55 18.21 6.38

e

0.96

3.08

0.06 0.0

f

0.96

4.33

0.06 0.0 12.52 23.25 12.32 13.96 26.62 89.56

0.0

10.44

g

0.96

6.88

0.03 0.0

24.35 12.9 14.61 27.52 89.54

0.0

10.46

h

0.98

9.02

0.03 0.0 10.09 24.08 12.76 14.45 26.88 89.79

0.0

10.21

b

1.08

1.24

0.07 0.0

11.6

24.02 12.73 14.42 27.31 46.95

0.0

53.05

c

0.91

1.74

0.17 0.0

8.63

24.65 13.06 14.79 28.07 89.0

0.0

11.0

d

0.97

2.28

0.1 0.0 29.88 18.71 9.91 11.23 20.8 55.1 18.62 26.29

e

0.96

3.63

0.06 0.0 10.48 24.01 12.72 14.41 26.68 98.77 1.23

f

0.96

4.75

0.06 0.0 13.13 23.11 12.24 13.87 26.35 78.14 11.42 10.44

g

0.97

6.23

0.04 0.0 15.92 22.58 11.96 13.55 24.92 79.2

h

0.99

9.9

0.0 0.0

8.83

24.47 12.96 14.69 27.07 98.82 1.18

b

1.36

1.22

0.13 0.0

8.18

25.6 13.56 15.33 28.82 48.81 20.31 30.88

c

1.58

1.94

0.06 0.0 13.92 26.12 9.32 10.81 25.47 35.1 47.76 17.14

d

0.98

2.73

0.08 0.0

e

0.97

4.33

0.02 0.0 30.21 18.68 9.9 11.21 20.5 43.67

0.0

56.33

f

0.96

6.88

0.02 0.0

0.0

10.47

Continued on next page
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6.35

9.93

8.81

20.8

10.2

19.41 6.4

8.63 31.3 25.35 0.84 73.81

0.0

24.05 12.74 14.43 27.16 98.91 1.09

0.0
93.62
0.0

0.0

1.22 19.59
0.0

21.03 11.14 12.62 24.11 58.7 19.09 22.21

24.0 12.71 14.4 27.04 89.53

Table 6.2 – Continued from previous page
System Md /M Planet Mp /M ap /10

Run73

Run82

1.1

1.1

2

au e

i WMF/ % Fe/% Mg/% Si/% O/% Peb/% Frag/% Pl/%

g

0.95

9.02

0.03 0.0

9.14

h

0.44

10.93

0.02 0.0 45.06 17.56 9.3 10.54 8.38 48.66 2.55 48.79

b

1.06

1.19

0.07 0.0 11.68 23.66 12.53 14.2 26.87 73.6

c

1.84

1.56

0.18 0.0 14.38 22.93 11.98 13.6 25.8 63.42 17.48 19.1

d

1.01

2.19

0.15 0.0 27.67 19.33 10.15 11.47 21.65 71.71 3.98 24.31

e

0.96

3.49

0.03 0.0

f

0.96

4.56

0.04 0.0 19.87 21.76 11.53 13.06 22.97 79.93 1.29 18.77

g

0.96

7.25

0.02 0.0 10.37 23.99 12.71 14.4 26.87 98.76 1.24

0.0

h

0.96

8.8

0.01 0.0 15.11 22.57 11.96 13.54 25.75 83.28 16.72

0.0

b

1.07

1.31

0.09 0.0 23.91 20.54 10.88 12.33 23.33 76.0

c

0.84

2.08

0.12 0.0

8.12

25.09 13.29 15.06 28.51 70.97 2.41 26.62

d

0.93

2.73

0.08 0.0

6.3

25.16 13.33 15.1 28.7 98.78 1.22

e

0.96

4.33

0.03 0.0 10.84 23.91 12.67 14.35 26.65 89.55

0.0

10.45

f

0.96

5.42

0.05 0.0

9.09

24.2 12.82 14.52 27.7 89.58

0.0

10.42

g

0.97

7.1

0.03 0.0

25.2

19.91 10.55 11.95 22.45 52.91 16.84 30.26

h

0.35

11.29

9.64

24.27 12.86 14.56 27.47 98.81 1.19

2.85 23.55

24.17 12.8 14.5 27.15 98.76 1.24

0.01 0.0 44.83 14.67 7.77

0.0

0.0

2.37 21.63

0.0

8.8 16.42 27.97 43.6 28.44

All of the orbital elements for each planetesimal are chosen randomly and follow a
uniform distribution. The eccentricities (e) are distributed between 0.0
clinations (i) between 0.0

0.1 and the in-

0.5 . The longitude of ascending node (⌦), argument of

pericenter (!), and mean anomaly (f ) are all distributed between 0

360 .

Using the n-body code REBOUND and the REBOUNDx module described above, we
integrate 100 runs for each model using the Mercurius hybrid integrator. We change the
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random seed generator in each run to provide variation of the orbital elements in the particle
disk. We integrate each run for 3 Myr. All bodies experience growth via pebble accretion,
type-I migration, and eccentricity and inclination damping at all times until they move into
the inner cavity which extends out to 0.015 au. Planetesimals are also free to interact with
one another and collisions are resolved with fragmentation. We set the minimum fragment
mass to 0.01 M . The fragmentation model we implement is detailed in Childs & Steffen
(2022b).

Results
Of the 100 runs we conducted, we first focus our analysis on the runs that returned
systems with only seven planets since we are interested in systems similar to T1. We define
a planet as a body having a mass greater or equal to 0.3 M . We find five runs that meet
this criteria. Lastly, we present the general trends we identify in the other runs that did not
meet our criteria.

Mass distributions
Figure 6.3 shows each run that meets the above criteria. The T1 planets are shown in
orange, our data are shown in blue, and we list the run number. We also show the PIM with
a horizontal black line and the ice line with a vertical blue line for reference. The average
total planetary mass of our simulated systems is 7.09 M and the total mass of the T1
system is 6.45 M . On average, each run grows their initial planetesimal mass by ⇠ 600%
through pebble accretion. We find that initial planetesimal disks with Md = 1.0
141

1.5 M

Figure 6.3: We plot the mass (mp )and radius (r) for all of the bodies that remain in one run
of each model at time t = 3 Myr. Our simulation data is shown in blue and the T1 planets
are shown by orange points. We also plot the location of the ice line by a blue vertical line
and the PIM by a black horizontal line for reference.
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are able to produce planet multiplicities and masses that are similar to the T1 system.
In the T1 system, the inner two planets are the most massive and then a reversed mass
ranking is found for planets d-g where planet mass increases with semi-major axis. Two of
the five runs that meet our above criteria also return the same mass trend found in the T1
system: Run43 and Run73. The first planets to form do so by quickly growing to the PIM
just after crossing the ice line. As the mass of the planet increases, so does the migration
rate of the planet and the body migrates inwards until it either reaches the inner cavity or
is trapped by resonances with inner planets. In the two runs where reversed mass ranking
is observed, the innermost planets experience at least one giant impact with another planet
and accrete the subsequent fragments which allows them to grow their mass larger. We
diskuss the collision history of the planets in more detail in the next subsection.
Majority of the planets grow quickly to the PIM once they cross the ice line and migrate
inwards without experiencing any more significant mass growth. As a result, most of the
final planet masses are near the PIM just interior to the ice line ⇠ 1 M . The outermost
T1 planet, T1-h is found below our PIM with a mass of 0.326 M . Two of our five runs,
Run43 and Run82, are able to reproduce the relatively small mass of T1-h. In both cases,
the outermost planet is found exterior to the ice line where the PIM is lower. This places
our T1-h analogues at larger semi-major axes and results in planets with very high water
content.
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Collision history and formation timescales
Figure 6.4 shows the cumulative fragment mass produced in each of our five runs,
versus simulation time. We find the cumulative fragment masses produced in the five runs
spans from 0.03

0.6 M . We find no dependence of cumulative fragment mass on the

initial planetesimal disk mass.
We consider the times of the last collision as a proxy for planet formation timescales.
The earliest time for the last collision is t ⇠ 29 Kyr in Run41. The system with the
latest time for the last collision is Run73 at t ⇠ 350 Kyr. Run73 is also the system that
experiences the most fragmentation indicating that systems that produce more fragments do
so over longer periods of time which results in longer formation timescales for the system.
The two innermost planets accrete fragments in two out of the five runs, which allows
these planets to grow more massive than the other planets in the system. In Run73 we
observe that around ⇠ 300 Kyr a system of seven Earth-sized planets form and reside in
a chain of first-order MMRs. Shortly after, a planetesimal crosses the ice line and quickly
grows to an Earth-sized planet. This eighth planet pushes the planets further inwards until
the second and third planet collide. 39 fragments are produced but are quickly accreted by
the inner two planets. We find similar patterns of planet fragmentation and accretion in the
inner system after an eighth planet is formed in four out of the five runs.
The amount of reprocessing from fragmentation that a planetary system experiences
will also affect the final composition of the planets and we explore this in Section . Although our five runs experienced relatively little fragmentation, we find that each run contains at least one final planet that was seeded by a fragment. In Run73, the run that pro144

Figure 6.4: Cumulative fragment mass versus simulation time for each of our nine runs.
duced the most fragments, the outer four planets are seeded by a fragment highlighting
the importance of fragmentation in the planet formation process when pebble accretion is
considered. While only one of our T1-d analogues grew from a fragment, 4/5 of our T1-h
analogue grew from a fragment.

Period distributions
Figure 6.5 shows the period ratios found between each adjacent planet in each of our
five runs and also the period ratios fo the T1 planets. We find that most of our planets
are found in first order MMRs and in every run except Run82, one 5:3 MMR is found.
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It has been demonstrated that type-I migration naturally results in first order MMR, but
our simulations show that the second order 5:3 MMR is also a natural byproduct of type-I
migration in systems similar to T1. The 5:3 resonance appears for the b/c, c/d, and e/f
planet pairs in our runs.
Our model does not produce planets found in the 8:5 MMR the innermost planets are
found in. We attribute this to the simplified treatment of the inner disk cavity. However,
Huang & Ormel (2021) demonstrated that once a more accurate treatment of the inner disk
region is modeled, by incorporating the effects of an expanding gas-free cavity and the
dynamics of the planets in this cavity, the fully formed inner two planets break out of first
order resonances and migrate into the observed 8:5 and 5:3 resonances.
The T1 planets span ⇠ 0.01

0.07 au. While the innermost planet in our runs is

found consistently at ⇠ 0.01 au, the semi-major axis of the outermost planet spans 0.08
0.11 au. This is likely due to the frequency of the 2:1 MMR our simulated planets are
commonly found in, rather than the closer in 8:5 resonances. Again, this can be attributed to
a simplified treatment of the inner regions of the disk and it also suggests that the migration
rates are too slow, failing to break out of the 2:1 MMR, implying that our disk density is
too low.
Three-body Laplace resonances may also be found throughout the T1 system, which
contributes to the long term stability of the system (Luger et al. 2017). The generalized
three-body Laplace relation (GLR) angle is given by,

i,i+1,i+2

=p

i

(p + q)
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i+1

+q

i+2 ,

(6.30)

where

i

is the mean longitude of the ith planet, and p and q are integers. The GLR is

considered stable if the angle

librates about 180 . We consider six GLR angles: the five

main GLR angles observed in the T1 system and the stable GLR angle we find the second
triplet of planets in from Run29. Figure 6.6 shows the six GLR angles and the data from
Run29 over the last 2 Myr of simulation time. We see that the first three triplets in the
system, b/c/d and c/d/e, are found in a stable GLR since

can be seen to librate about 180

and the remaining four angles are unstable. No other stable GLR angles were found in
the other four runs. The third panel, with data shown in red, is a GLR angle not currently
librating in T1. The second panel with red data has been identified by Huang & Ormel
(2021) as a barrier to recreating the observed three-body resonance structure of T1. This
stable GLR angle prevents planet c from moving further inward. It must be broken during
the disk lifetime in order to reproduce the current T1 resonant structure. Since this GLR
remains stable in our simulation, it prevents the other three body resonances from forming
and it further indicates that the migration timescales the planets experience in our model
are too long.

Compositions
The T1 planets have observed bulk densities that are consistent with rocky worlds and
water mass fractions (WMFs) less than 10% Agol et al. (2021). There do exist degeneracies
between the assumed interior structure and the observed bulk density. These degeneracies
result in different WMF predictions for different interior models. In consideration of this,
Agol et al. (2021) provided WMFs for each planet, for four different iron core mass frac147

Figure 6.5: We plot the MMR of our data in blue and the T1 planets in orange. Three of
the T1 planets are found near the 3:2 MMR.
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Figure 6.6: We show six GLR angles with data from Run29. The first three triplets in the
system, b/c/d and c/d/e, are found in a stable GLR since can be seen to librate about 180 .
The data in red is for an angle not currently resonanting in the T1 system. The other five
angles are the main GLR angles in the T1 system.
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Figure 6.7: We plot the surface density of Fe, Mg, Si, and O over 0.01
is the last output of the dust condensation code at time t ⇠ 130 Kyr.
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0.2 au. This data

tions (CMF). Between the four different CMFs, the largest WMF is 14% for planet g if a
50% CMF is assumed however, most CMF assumptions lead to WMFs < 10 3 % for the
inner three planets and < 6.5% for the outer four planets.
Figure 6.7 shows the output of our condensation code for the four main elements we
focus our analysis on: Fe, Mg, Si, O. This data is taken from our dust condensation code
at time t ⇠ 130 Kyr. Dust condensation is thought to be complete before planetesimal
formation and so this stage is assumed to take place before our n-body simulations. We
use this data, along with the assumption that 50% of the solid material at and exterior to
the ice line is water-ice, to set the starting compositions of our bodies and for tracking
composition change from pebble accretion. Table ?? lists the WMF, iron, magnesium,
silicon, and oxygen content for each planet in our five runs after running our composition
tracking code. The iron content for all our simulated the planets is between 15 26% which
is the range of CMFs that Agol et al. (2021) constrained for the T1 planets to have while
assuming an Earth-like interior structure.
The expected WMFs for each planet for these assumed CMFs is < 10

3

(Luger &

Barnes 2015). Our WMFs are much larger than what would be consistent with the observed
bulk densities however, this is expected. Significant volatile loss is thought to take place
throughout the planet formation process from impacts, irradiation, and green house effects
(Luger & Barnes 2015). We do not model any volatile loss in our simulations and so the
WMF we report should be viewed as an upper limit. However, if we were to model volatile
loss, this would increase the CMF of the planets placing the T1 planets with much larger
cores than what is currently expected. If the T1 planets do actually have more massive
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cores, this would permit for larger WMFs of the planets in order to reproduce the observed
planet radii.
An alternative explanation for producing the observed bulk densities of the T1 planets
while maintaining a relatively large iron mass fraction is that the iron is fully oxidized and
remains in the mantle, resulting in a core-free planet (Elkins-Tanton & Seager 2008). Agol
et al. (2021) places the mass abundance ratios for Fe/Si/Mg/O at 29.2/17.3/15.3/38.2 wt%
for such a model with a magnesium number of 0.55 (Mg/Mg+Fe). We expect that if we
had modeled volatile loss our planet compositions would be more consistent with those of
a core-free planet although our magnesium numbers are found closer to 0.65, larger than
those predicted by Agol et al. (2021) for a core-free planet.

Other runs
In this section we diskuss the outcomes of the other 95 runs. In 50% of our runs,
extreme fragmentation takes place where the total number of fragments produced in the
system surpasses 700 which eventually crashes the run. Extreme fragmentation is a very
efficient mechanism for growing the total mass of the system as each fragment produced is
likely much lower than the PIM and can grow by pebble accretion until it reaches the PIM.
We find that the degree of fragmentation greatly ranges between runs with some runs
experiencing no fragmentation and other runs producing up to 3836 number of fragments.
As a result, the final total disk mass (Mtot ) also widely ranges from 3.8

72.9 M . The

systems with larger disk masses and number of bodies are likely still in the process of the
planet formation process at the time their data is sampled.
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The number of planets and planet masses also widely ranges with planet multiplicities
ranging from 1-49 planets. In four of our runs with extreme fragmentation (number of fragments 583-1548), one embryo sweeps up all of the fragments as they drift inwards resulting
in single Sub-Neptunes with masses 24 39 M . Planet semi-major axes span 0.01 3.7 au
although most planets are found well within 1 au. Figure 6.8 shows normalised histograms
of the total final disk mass (Mtot ), number of fragments, number of planets, planet masss,
and planet semi-major axes found in all 100 runs.

Discussion
Van Grootel et al. (2018) simulated the stellar evolution of T1 and found that the current
luminosity of T1 is ⇠ 5 ⇥ 10

4

L and the luminosity of the star at 10 Myr is ⇠ 0.01 L

however, the stellar evolution of M-dwarfs in their pre-main sequence stages will be orders
of magnitudes larger. Ramirez & Kaltenegger (2014) modeled the luminosity of a pre-main
sequence M8 star and found that when the star is ⇠ 1 Myr old its luminosity is ⇠ 0.05 L
from which point it will continually dim until it reaches the main sequence stage and it’s
current luminosity over the course of ⇠ 1 Gyr.
The PIM strongly depends on the temperature profile of the disk which in turn depends
on the luminosity of the star and the viscosity of the disk. Figure 6.9 shows the PIM as a
function of four different values for luminosity using the Hayashi (1981) temperature profile for the MMSN, Eq. 6.6, which assumes disk heating is dominated by stellar irradiation.
We also show the PIM for the temperature profile used in Schoonenberg et al. (2019) which
accounts for stellar irradiation and viscous heating. We plot the T1 planets in orange and
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Figure 6.8: Normalised histograms of the total final disk mass (Mtot ), number of fragments,
number of planets, planet masss, and planet semi-major axes found in all 100 runs.
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Figure 6.9: We show the pebble isolation mass (PIM) vs semi-major axis for various luminosity values using our temperature profile. We also plot the PIM associated with the
temperature profile used in Schoonenberg et al. (2019) by a black dashed line for reference.
We plot the T1 planets in orange for reference.
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the location of the ice line with a blue vertical line for reference. We see that the PIM and
luminosity values can drastically change the PIM which will affect the subsequent evolution of the system. As the luminosity decreases in time, the PIM also decreases. The
evolution of the stars luminosity and thus the PIM is important to capture when modeling
the formation of the T1 planets. The PIM associated with T1’s current luminosity is higher
than the masses of T1-d and T1-h. This indicates that these planets formed at a later time,
when less gas is present and pebble accretion is inefficient. Since fragmentation extends
the planet formation process and we find that fragments are capable of seeding an entire
planet, a fragment produced at a later time which grows by pebble accretion in a relatively
depleted gas disk could explain the current masses of planet d and planet h.
Additionally, accurate temperature profiles are necessary for determining the location
of the ice line which also strongly affects the PIM. We adopt a constant, intermediate value
for luminosity in our temperature profile and assume a constant location of the ice line. We
assume that the ice line is the location in the disk where the temperature is 170 K however,
Unterborn et al. (2018) found that in the denser protoplanetary disks that exist around Mdwarfs, the ice line is more likely to exist in the region of the disk where the temperature
is 212 K. Future work which implements more accurate temperature profiles in time is
necessary for fully understanding the formation of the T1 system, particularly the role of
pebble accretion in the formation process. An additional explanation for the low mass of
planet h would be if the ice line moved interior to planet h near the time planet h reached
its current mass, thus ceasing pebble accretion and the continued growth of the planet.
Our disk evolution only considers mass loss from accretion onto the central star. This
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leads to relatively low rates of mass loss in the disk which contributes to the inability of our
model to reproduce the higher order resonances the inner planets are found in. Ogihara et al.
(2022) found that mass loss from photoevaporation and disk winds significantly and rapidly
deplete the disk mass in the T1 system which results in fast then slow migration of the
planets. We suggest that this disk evolution model would address some of the failures of our
model. The parameters we chose for our disk model results in relatively model migration
rates which forms first body resonances but traps the planets in a three-body resonance
the system needs to break out of. A disk evolution model that permits planetesimals to
quickly reach the PIM and initially migrate quickly would help overcome this barrier. Fast
disk evolution can also help explain the masses of T1-d and T1-h if they were seeded by a
fragment and reached their current masses when the disk dissipated, which prevents them
from growing to the PIM.
In addition to a disk model that more accurately describes mass loss, a more accurate
treatment of the physics in the inner disk cavity is needed to produce the observed resonances in T1, as previous work has already demonstrated (Huang & Ormel 2021).
We find that fragmentation is an important mechanism in growing the total disk mass
and seeding planets that grow primarily from pebble accretion. The fragmentation model
we use in this study assumes that fragments from a collision are all equally sized and have
the same composition. To fully understand the role of fragmentation in the formation process, higher resolution models for fragmentation of differentiated bodies are needed. In
addition to more accurately modeling planet formation, this will help place tighter constraint on the planet composition. Also, volatile loss must be considered in future models
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in order to reproduce the observed bulk densities of the T1 planets. Our model, which neglects all volatile loss, significantly over estimates water mass fractions. Accurate handling
of volatile loss from giant impacts, irradiation, and green house effects will help constrain
the composition of the final planetary system.

Summary
In this study, we presented a disk evolution and pebble accretion model. We incorporated this model into REBOUNDx and used our newly developed module to study the
formation of the TRAPPIST1 (T1) planets. Our module allows for type-I migration and eccentrity and inclination dampening from gas drag in a gas disk modeled after the pre-main
sequence T-tauri stars from Hartmann et al. (1998). In our simulations, 0.1 M bodies begin
just exterior to the ice line and grow by pebble accretion until the pebble isolation mass
(PIM) is met. We also allow for planetesimal accretion and model fragmentation and use
results from a dust condensation code to track how the composition of the planets changes
in time.
We find that small planetesimals quickly grow to the pebble isolation mass exterior to
the ice line and inwards migration happens on short timescales which results in rapid planetary growth. We successfully reproduce Earth-sized planets found in first-order resonant
structures with the expected core mass fractions of the T1 planets by numerically modeling planet formation starting shortly after disk formation and the pre-main sequence phase.
Our model indicates that planets b and c likely grew from a combination of planetesimal,
pebble, and fragmentation accretion, while planets d-g grew mainly by pebble accretion.
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Our model also indicates that the gas disk dispersed before planets d and h were able to
grow to the pebble isolation mass suggesting that the T1 planets formed near the end of the
gas disks lifetime and over the course of a few hundred Kyr.
While our model is able to produce planetary systems similar to the T1 system over the
course of 350 Kyr, it can also produce systems with much more disk mass in systems where
excessive fragmentation takes place as fragments are allowed to grow by pebble accretion.
We find systems that contain up to 70 M of disk material and systems that result in a
single massive planet up to 39 M . This highlights the importance of fragmentation in
planet formation models that take place in the presence of gas.
Future work is needed to better reproduce the observed resonant structures and compositions of the T1 planets starting from an early stage in the planet formation process.
Our model produces systems that contain first order mean-motion resonances and also the
5:3 mean motion resonance, but fails to reproduce the 8:5 resonance and main three-body
resonances found in the T1 system. We attribute this to our disk model and a simplified
treatment of the inner disk. We suggest that future work implements a disk model that accounts for more rapid disk loss, such as Ogihara et al. (2022), and a more accurate treatment
of the inner disk edge, such as Huang & Ormel (2021).
We do not model any volatile loss and as a result, our simulations return planets with
very large water mass fractions. The reported iron content of our simulated planets is
within the range of expected iron core mass fractions for the T1 planets when an Earth-like
interior structure is assumed however, after considering volatile loss, we expect the planet
compositions to be more consistent with a core-free planet. We do not look into the mass159

radius relationships expected for our returned compositions but we encourage future work
to use our measurements of the Mg/Si and Fe/Si ratios as this data can help interpret the
core and mantle compositions and help break degeneracies of the interior structures.
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CHAPTER 7

CONCLUSION
I have explored terrestrial planet formation around binary stars and the M-dwarf star,
TRAPPIST-1. In various binary star systems, I consider the late stage of terrestrial circumbinary formation where Moon and Mars-sized bodies interact with one another through
purely gravitational interactions in a gas-free environment. Using n-body simulations, I
consider a coplanar circumbinary disk around binaries of various eccentricities and separation. I find that widely separated, eccentric binaries eject massive amounts of planet
building material which inhibits planet formation. The presence of external giant planets
enhances ejection rates as they provide external perturbations to the particle disk.
Next, I consider circumbinary terrestrial planet formation in the polar alignment. Polar
circumbinary disks are disks that are inclined 90 relative to the binary orbital plane and are
aligned with the binary eccentricity vector. This is a stable configuration for circumbinary
disks and particles. Polar circumbinary gas and debris disks have been observed in nature. I
simulate the late stage of terrestrial planet formation in the polar alignment around a highly
eccentric binary. I find that around eccentric binaries, terrestrial planet formation is more
efficient in the polar alignment than in the coplanar alignment. Polar systems are actually
quite similar to coplanar systems around a circular binary with similar stellar masses and
binary separation.
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Misaligned circumbinary disks have also been observed in nature, with inclinations between 25

60 . I perform a suite of n-body studies to better understand planet formation in

such misalignments. I consider the late stage of planet formation in particle disks inclined
30 and 60 around a circular binary and in a particle disk inclined 60 around an eccentric
binary. Particles around a circular binary are found in circulating orbits and will evolve to
a stable coplanar alignment and particles around an eccentric binary are found in librating
orbits and will evolve to a stable polar alignment, given that their initial inclination is large
enough. I find that particles that are offset by 30 from a stable configuration will form
planets that are close to coplanar around a circular binary, and close to polar around an
eccentric binary. Systems that are offset by 60 from a stable configuration experience high
ejection rates which inhibit planet formation. These findings indicate that if highly misaligned, terrestrial circumbinary planets are observed in the future, a formation mechanism
rather than core accretion in a gas-free environment will need to be considered.
While most n-body studies assume collisions are resolved by perfect merging, fragmentation is a more realistic outcome of any collision. I develop a fragmentation code for
the n-body code
MERCURY .

REBOUND

and compare it to the well established fragmentation code for

I find good agreement between the two codes. I also develop a composition

tracking code which works in tandem with my fragmentation code and tracks how the composition of homogeneous bodies changes throughout the planet formation process. I then
use these codes to study terrestrial planet formation around M-dwarfs.
TRAPPIST-1 (T1) is a low mass M-dwarf star that hosts seven Earth-sized planets.
These planets formed in the presence of gas and grew a significant portion of their mass
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through pebble accretion. I develop a

REBOUND X

module that models pebble accretion,

type-I migration, and eccentricity and inclination dampening from gas drag in an evolving
gas disk. Using this module and my fragmentation and bulk composition tracking codes,
I study the formation of the T1 planets and place constraints on the final composition of
the T1 planets. I find that the degree of fragmentation a system experiences in the presence
of gas can drastically affect the total mass of the final planetary system. Additionally, the
temporal evolution of the gas surface density and temperature profiles indicate that the T1
planets likely formed as the gas was beginning to dissipate. The constraints on bulk planet
composition my results return are consistent with core-free planets and provide Fe/Mg
and Mg/Si values that will help break existing degeneracies of interior structure models in
future studies.
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Köhler, R. 2011, A&A, 530, A126
Kokubo, E. & Genda, H. 2010, The Astrophysical Journal, 714, L21
Kokubo, E. & Ida, S. 1996a, Icarus, 123, 180
—. 1996b, Icarus, 123, 180
—. 2000, Icarus, 143, 15
—. 2002, The Astrophysical Journal, 581, 666
Kokubo, E. & Ida, S. 2002, ApJ, 581, 666
Kostov, V. B., McCullough, P. R., Carter, J. A., Deleuil, M., Dı́az, R. F., Fabrycky, D. C.,
170
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